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Abstract

Fundamental dynamics of extra-tropical low-frequency variations were investigated by numerical exper-
iments based on a simple spherical barotropic model with forcing, dissipation and topography. Nonperiodic
solutions that show low-frequency variations were obtained for realistic parameter ranges. The time average
of the solutions has a zonally varying jet structure under the influence of the topography, as the clima-
tological mean state has in the upper troposphere. Some disturbances, which are defined as a deviation
from the time average, grew rapidly in a favorable area of upstream and equatorward of the jet maximum.
Linear characteristics of the time-averaged basic states, such as eigenmodes, optimal modes, and linear
responses of isolated initial perturbations, were examined in detail and were compared with the rapidly
growing disturbances in the nonlinear nonperiodic solutions; the rapid growth is explained well by the
linear evolution of optimal modes rather than that of unstable eigenmode. The wave activity diagnostics
reveal the importance of the propagation of Rossby waves in the zonally varying basic state to the growth

of disturbances around the jet exit region.

1. Introduction

The existence of low-frequency variations with
time scales longer than that of daily weather distur-
bances has been recognized in the extra-tropical at-
mospheric circulations based on upper-air observa-
tions. Teleconnection patterns, such as the “Pacific-
North American” (PNA) pattern and “East At-
lantic” (EA) pattern, are typical examples of the
extra-tropical low-frequency variations in the win-
tertime Northern Hemisphere. They are charac-
terized by geographically fixed, nearly equivalent
barotropic structure. Although several theories have
been proposed on the physical mechanism of the low-
frequency variations, there is no fully satisfactory
theory. ‘

Many of the studies on the extra-tropical low-
frequency variations have been made based on the
barotropic vorticity equation linearized about a zon-
ally varying basic state, which is either an observed
time-averaged state in the upper troposphere or an
idealized hypothetical state. Some validity of this
framework is given, for example, by Simmons et al.
(1983); they examined linear responses either to lo-
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calized forcings or to isolated initial perturbations
with a global barotropic model linearized about
the 300 hPa climatology of geopotential height in
January, and showed that structures that resem-
ble the observed PNA and EA patterns tend to
recur in both responses. They suggested that the
most unstable eigenmode, which is associated with
barotropic instability of the zonally varying clima-
tological state, is closely related with the observed
teleconnection patterns. However, some room for
further investigation is still left in the study of such
barotropic instability; Andrews (1984) pointed out
that the stability of a zonally varying basic state
depends not only on the configuration of the flow
but also on the mechanisms that maintain the basic
state, such as topography.

About a decade ago, the existence of optimal
modes that grow more rapidly than the most un-
stable eigenmode for a finite time interval was
pointed out by Farrell (1988, 1989) and Lacarra
and Talagrand (1988). Since then, traditional at-
mospheric instability problems have been reexam-
ined (e.g., Mukougawa and Ikeda, 1994). The new
concept of the optimal modes has also been applied
for barotropic zonally varying basic states to study
the observed low-frequency variations. Borges and
Hartmann (1992) examined the optimal modes of
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observed time-mean flows and discussed the impor-
tance of the optimal modes in the low-frequency
variations. Recently, in a series papers, Borges and
Sardeshmukh (1995), Sardeshmukh et al. (1997),
and Newman et al. (1997) pointed out that the
growth of both the eigenmode and the optimal mode
is too weak to explain the dominant structures of the
observed variations and emphasized the importance
of the forcing that maintains the basic states. On
the other hand, Branstator and Held (1995) showed
that the structure and the period of the unstable
eigenmodes are similar to those of the large-scale
westward propagating disturbances observed recur-
rently in the wintertime upper troposphere. This is
supported by Huang and Robinson (1995), who used
linear and nonlinear global barotropic models with
an idealized zonally asymmetric basic state.

Another category of studies on the extra-tropical
low-frequency variations is based on the theory of
barotropic Rossby-wave propagation in a zonally
varying basic state. Hoskins and Ambrizzi (1993)
~ pointed out the waveguide effect of zonally varying
" jets on stationary Rossby waves with the WKB the-
ory, and confirmed the effect in the response of a
barotropic model linearized about a climatological
300 hPa flow to localized forcing. The propagation
of Rosshy waves with non-zero frequency was also
examined theoretically and numerically by Yang and
Hoskins (1996). Naoe et al. (1997) studied the lin-
ear barotropic response of idealized basic states to a
localized vorticity forcing using the wave activity di-
agnostics introduced by Plumb (1986), and showed
that the wave energy tends to increase in the jet
exit region. The barotropic modulation of the am-
plitude and structure of the waves propagated in
zonally varying basic states was studied with simple
contour-dynamics models by Swanson et al. (1997);
they showed increase of particle displacement am-
plitude and increase of zonal wavenumber in the jet
exit region using the conservation law of wave activ-
ity. '

Relation among the theories of growing modes

(eigenmodes or optimal modes)-and that of Rossby

wave propagation in a zonally varying basic state
is not fully understood yet, although these theories
are based on the same linearized barotropic model.
Which linear property of the time-averaged basic
states may be related with the extra-tropical low-
frequency variations remains an unanswered ques-
tion. Our purpose with this paper is to clarify
the relation among the linear theories on the time-
averaged basic states and their relation to the low-
frequency variations in the nonperiodic solutions
in the same framework of a simplified spherical
barotropic model. We examined eigenmodes and op-
timal modes of the time-averaged basic states, and
made the wave activity diagnostics for the Rossby
wave propagation in the time-averaged basic state
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to compare these linear results with the nonperi-
odic nonlinear solutions. Details of the model are
described in Section 2. Section 3 shows the solu-
tions of the nonlinear model, and Section 4 shows
the results of the linear analyses with respect to the
time-averaged state. Discussion is given in Section
5, and conclusions are given in Section 6.

2. Model

We use a simple atmospheric circulation model
that is a modification of the Legras and Ghil (1985,
referred to as LG) model. The model is governed
by the barotropic vorticity equation on a rotat-
ing sphere with forcing, dissipation and surface-
topography terms. Its nondimensional form is as
follows: ’

2 A+ Tl s+ (14 )]
= aAW* — ) = v A%, (1)

where ¥(A, i, t) is the streamfunction, A the lon-
gitude, p the sine of the latitude: p = sing, ¢
the latitude, ¢ the time, ¥*(u) the streamfunction

-for a zonally symmetric forcing, h(A,p) the topo-

graphic height, A the spherical Laplacian operator,
J the spherical Jacobian operator, a~! the relax-
ation time, v the artificial hyper-diffusion coefficient
whose term is added for smooth numerical behavior,
and p the nondimensional number that corresponds
to the Rossby number and measures the intensity of
*
%, 0) . With-
out the right-hand side of the equation, the poten-
tial vorticity ¢ = pAy + p(1l + h) is conserved fol-

1
lowing the wind v = p (—% 81/}), that is,

the forced zonal wind u* = p <—

04’ cosd OX

Er q=0.
Equation (1) is discretized through an expan-
sion in spherical harmonics P™(u)e®™ with a tri-
angular truncation of total wavenumber 42 (T42):

42 n
Y pmt) = DD YT EPMu)e™, where

n=0m=-n
P (u) are associated Legendre functions normal-
1

ized to satisfy / {P™(u)}?dy = 2. The trunca-
-1

3o+

tion wavenumber was determined after a prelimi-
nary convergence test by changing the wavenum-
ber. Our model corresponds to a dynamical system
of 1848 real variables, which is much larger system
than the original LG model of 25 real variables.
We use the same forcing as LG, ¥*(u) = —xu?,
which is a zonal jet with a maximum near the lati-
tude of 50°. The coeflicient & is set to such a con-
stant that the maximum zonal wind is 60 ms~! in
dimension for p = 0.2. Latitudinal profiles of the
zonal wind and the potential vorticity of the forcing
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for p = 0.18 are shown with a solid line and a dashed
line in Fig. 1a, respectively. The topography in the
Northern Hemisphere is identical with that given by
LG and no topography is assumed in the Southern
Hemisphere; A, p) = 4hou?(1—pu?) cos 2 for 4 >0
and h(A, ) = 0 for p < 0. The amplitude of the to-
pography is set to hg = 0.1. The spatial structure
of the topography is shown in Fig. 1b for the North-
ern Hemisphere. The relaxation time o~! is set to
10 days in dimension, and the hyper-diffusion coeffi-
cient v is set to give a damping time of 0.5 day at the
largest total wavenumber 42. The forcing parameter
p is changed as an experimental parameter in Sub-
. section 3.1, and fixed to p = 0.18 in Subsection 3.2
and afterward.

A linearized model of Eq. (1) is also used in this
study. The nonlinear model (1) can be written for-
mally as

d
Ea" = f(:l:), (2)

where z(t) is a vector that consists of the expansion
coefficients of streamfunction, ¥7*(¢). Let Z be a ba-
sic state that is independent of time ¢, and let z’(¢)
be a deviation from &; z'(t) = x(t) — Z. Suppose
that &’ is small and f(Z) is also small (f(Z) = o if
Z is a stationary solution), then we get a linearized
equation from Eq. (2):

d_, Nt
7% =@, (3)
where J is Jacobian matrix J;; = 0f;/0z;. In this
study, the linearized barotropic model of Eq. (3)
is also used for a time-averaged solution Z. Note
that the topographic term that maintains the zon-
ally varying basic state is retained in the linearized
model except that otherwise mentioned.

3. Nonlinear solutions

3.1 Bifurcation diagram

To understand the dynamical structure of the
nonlinear barotropic model, stationary solutions and
asymptotic solutions were computed for some pa-
rameter range of p and bifurcation diagrams were
constructed. The stationary solutions were obtained
by the continuation method, details of which were
described by Kubicek and Marek (1983) and LG,
and their linear stability was given by solving an
eigenvalue problem of the linearized Eq. (3). Fig-
ure 2 shows the dependence of the stationary solu-
tions on p, whose linear stability is represented by
the type of markers for two expansion coefficients
of the streamfunction: (a) a real part of 2, which
is one of the expansion coefficients with even zonal
wavenumber (EVENs), and (b) a real part of 93,
which is one of the expansion coefficients with odd
zonal wavenumber (ODDs). The external condition
of the present model has a longitudinal periodicity
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Fig. 1. (a) Latitudinal profiles of the nondi-

mensional zonal wind »* (solid line) and
potential vorticity ¢* (dashed line) of
the forcing for p = 0.18. The maxi-
mum of u* is 54 ms™" in dimension. (b)
Contour map of the topography h(}, )
in the Northern Hemisphere with Lam-
bert’s azimuthal equal-area projection.
The center of the map is the North Pole,
the outer circle is the equator, the merid-
ian on the right side is A = 0, and merid-
ians and parallels are drawn every 30°.
Solid contours are positive or zero and
dashed contours are negative. Contour
interval is 0.02 and shading indicates
the region greater than 0.04 or less than
—0.04. The same projection is used in
the successive spherical maps except for
Fig. 17.
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Fig. 2. Dependence of stationary solutions and asymptotic solutions on the forcing parameter p for two
expansion coeficients of the streamfunction: (a) real part of 13 and (b) real part of 13. Linear
stability of the stationary solutions is represented by the following markers: e stable, + unstable (the
eigenvalue with the largest real part is real), and x unstable (the eigenvalue with the largest real part
is complex). Time average and variable range of the asymptotic solutions are indicated by diamonds
and vertical lines, respectively; a closed diamond and solid line represent a periodic solution and an
open diamond and dashed line represent a chaotic solution.

of mod 7, because the forcing 9* is limited to zonal
components (m = 0) and the topography consists
only of m = 2 components. Hence, a branch of sta-
tionary solutions whose ODDs are all equal to zero
may exist, and actually such a branch does exist on
the zero-line in Fig. 2b. We call it the main branch
hereafter.

Stationary solutions of the main branch are sta-
ble when p is small (p < 0.077). At p = 0.077,
the main branch loses stability and two new sta-
ble branches with non-zeroc ODDs of opposite sign
appear as a super-critical bifurcation. The main
branch becomes stable again at p = 0.091, where
the two unstable branches appear as a sub-critical
bifurcation, each of which is connected with the pre-
vious stable branch with ODDs. Another super-
critical bifurcation occurs again at p = 0.099, and
the solutions of the main branch remain unstable
for p > 0.099, although the new branches merge the
main branch again at p = 0.115. The multiplic-
ity of stable stationary solutions is observed almost
in the range of 0.077 < p < 0.138. However, it
does not correspond to the multiple stable states
that Charney and DeVore (1979) obtained as a re-
sult of the nonlinear resonance of topographically
forced Rossby waves; in their case, both stable so-
lutions have the same zonal wave number as the to-
pography, while non-zero ODDs are also required for
the multiplicity in the present case.

Asymptotic behavior of time-dependent solutions
is obtained by numerical time integrations with the

fourth-order Runge-Kutta method, starting from an
initial condition close to ¢y = 0. Time average and
variable range of the asymptotic solutions are shown
in Fig. 2 for the parameter range of 0.100 < p <
0.220, where the stationary solutions of the main
branch are unstable. The time average and variable
range of periodic solutions are indicated by a closed
diamond and solid line, respectively, while those of
chaotic solutions are indicated by an open diamond
and dashed line. Some of the asymptotic solutions
have a symmetric character of ODDs due to the lon-
gitudinal periodicity of mod m, while others do not
have such symmetry with non-zero time average of
ODDs. In the former (symmetric) case, the solution
with opposite sign of ODDs is identical to that so-
lution with a phase lag of 7 in A, while in the latter
(unsymmetric) case, there exist a couple of asym-
metric solutions with opposite sign of ODDs.

In the parameter range of 0.100 < p < 0.140,
the asymptotic solutions are full of variety; periodic
solutions are observed frequently among chaotic so-
lutions just like periodic windows. In Fig. 2b the
periodic solution for p = 0.104 is symmetric while
those for p = 0.100, 0.116, and 0.140 are unsymmet-
ric. Nearby chaotic solutions often show the tempo-
ral variation which is very similar to that of these
periodic solutions. :

Figure 3 shows the temporal variation and the
power spectral density of Re[t3(t)] for the asymp-
totic solutions in the parameter range of 0.140 <
p < 0.220. The solution for p = 0.14 (a) is an un-
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Fig. 3. Temporal variation and power spectral density of real part of 3 (t) for the asymptotic solutions.
The forcing parameter p is, respectively, (a) 0.14, (b) 0.16, (c) 0.18, (d) 0.20, and (e) 0.22. The power
spectral density, based on the 10,000-day dataset, shows a power peak at the period of (a) 34.5 days,
(b) 20.4 days, (c) 14.7 days, (d) 12.3 days, and (e) 10.9 days, respectively.

symmetric periodic solution with a period of about
35 days, while the others for p > 0.16 (b—e) are
chaotic solutions with a strong peak of the period of
10 ~ 20 days, which becomes shorter as p increases.
The high-frequency components, less than 5 days,
have more power with p.

In the following section, we shall focus on the case
with a parameter value of p = 0.18 as a typical ex-
ample of the chaotic solutions with low-frequency
variability, and investigate the relation between the
temporal variation of the chaotic solution and inher-
ent properties of the time-averaged state.

3.2 Stationary solution and time-averaged state for
p=20.18

The streamfunction v, and the potential vorticity
gs of the stationary solution for p = 0.18, which be-
longs to the main branch and is shown with a thick
marker X in Fig. 2, are shown in Figs. 4a and 4b, re-
spectively, for the Northern Hemisphere. Here, sub-
script s represents the stationary solution. Those for
the Southern Hemisphere are close to the zonal forc-
ing, ¥* and pA¢* + p. The longitudinal periodicity
of mod 7 is recognized in Figs. 4a and 4b, as men-
tioned in the previous subsection. Troughs of ¥, are
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Fig. 4. Contour maps of (a) the streamfunction s and (b) the potential vorticity gs of the stationary
solution for p = 0.18. Contour interval is, respectively, (a) 0.02, and (b) 0.1. Shading indicates the
region (a) less than —0.04, and (b) greater than 0.4. Latitudinal profiles of (c) the zonal mean zonal
wind and (d) the zonal mean potential vorticity for the stationary solution (dashed lines) and the
time-averaged state (solid lines). Horizontal lines show the range of the temporal variation for the
asymptotic solution. Dotted lines indicate the profiles of the forcing, which are identical with those

shown in Fig. la.

seen about 30° eastward relative to the top of topog-
raphy at 60°N and are tilted northeast-southwest
direction; troughs are about on the top of topogra-
phy at 30°N. The potential vorticity g; has a sim-
ilar distribution as 1, in high latitudes with oppo-
site sign (i.e., positive in the Northern Hemisphere),
and it has two secondary maxima near points of
(A, ¢) = (130°,45°N) and (), ¢) = (310°,45°N).
Two areas that satisfy the inequality 8q¢s/0¢ < 0
exist along lines from (0°,10°N) to (150°,50°N) and
from (180°,10°N) to (330°,50°N). These areas are
considered to be locally unstable because the neces-
sary condition for the barotropic instability is satis-
fied locally. ,

Traditional linear stability of the stationary so-

lution is examined by computing eigenvalues and
eigenvectors (, or eigenmodes) of Jacobian matrix
of Eq. (3), which is linearized with respect to the
stationary solution. It is unstable because five pairs
of complex eigenvalues have a positive real part; the
e-folding time (T,) and the period (7},) correspond-
ing to each pair are listed in Table 1. The eigenmode

associated with the pair of the most unstable com-
plex eigenvalues, of which the e-folding time is 7.8
days, has substantial variations in the limited ar-

Table 1. Characteristics of unstable eigenmodes. The
e-folding time T, and the period T, which corre-
spond to the pairs of complex eigenvalues with pos-
itive real part of Jacobian matrix of Eq. (3), are
listed for three basic states of the stationary solution
s, the time-averaged state ¥, and the time-averaged
state ¢ without the topographic term for p = 0.18.

T, (day) 7, (day)

7.8 5.6

8.1 4.1

s 8.7 12.7
12.7 7.4

18.8 3.6

" 17.3 15.7

P 30.5 15.5
(no topo) 46.0 10.1
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Fig. 5. Statistics of the asymptotic solution for p = 0.18 based on the 10,000-day dataset. The
time-averaged field is represented by (a) streamfunction v, (b) wind speed |@/|, (d) potential vorticity
g, and (e) absolute value of potential vorticity gradient |Vg|. The temporal variation is summarized
by (c) the standard deviation of streamfunction oy and (f) that of potential vorticity o4. Dots in (b)
indicate two jets as the line of 8|%|/8¢ = 0. Contour interval is, respectively, (a) 0.02, (b) 0.01, (c)
0.002, (d) 0.1, (e) 1, and (f) 0.02. Shading indicates the region (a) < —0.04, (b) > 0.02, (c) > 0.004,

(d) > 0.4, (e) > 2, and (f) > 0.04.

eas of (90-180°, 30-60°N) and (270-360°, 30-60°N),
where 0¢;/0¢ < 0. The other three eigenmodes as-
sociated with the pairs whose period is less than 10
days also have similar characteristics. The eigen-
mode of the third pair with a period of 12.7 days is
not localized very much and shows similar temporal
variation to that of the unstable eigenmode of the
time-averaged state, of which the evolution will be
shown later in Fig. 10. . o
We will describe statistics of the chaotic solution
for p = 0.18 based on a 10,000-day dataset. Fig-
ure 4c shows latitudinal profiles of the zonal mean
zonal wind for the stationary solution (dashed line)
and for the time-averaged state (solid line) together
with the range of the temporal variation (horizontal
lines). The profiles of the stationary solution and
the time average are very similar. Compared with
the profile of the forcing (dotted line), these mean
zonal flows are reduced largely in the latitudes of
30-60°N, where the topographic amplitude is large.
Large temporal variations of about 10 ms™" are seen

around ¢ = 40°N and 60°N. Latitudinal profiles of
the potential vorticity are also shown in Fig. 4d in

the same manner as the zonal wind in Fig. 4c. The
profile of zonal mean potential vorticity [gs] implies
the barotropic instability near ¢ = 50°N, where the
condition d[gs]/d¢$ < 0 is satisfied. Here, square
brackets represent the zonal mean. The instability
is considered to be induced by the effect of topogra-
phy, because the zonal forcing itself is barotropically
stable as the dotted line (or the dashed line in Fig.
1a) shows. The profile of the time mean [g] shows
a monotonic increase with latitude, indicating the
disappearance of the unstable zone due to the vor-
ticity mixing. Here, the over bar represents the time
average.

Figures 5a and 5d show the time averages of
the streamfunction 1 and the potential vorticity
d. These fields almost show the longitudinal pe-
riodicity of mod 7, and the large-scale structure
is similar to that of the stationary solution shown
in Figs. 4a and 4b. However, the negative gradi-
ent of the potential vorticity along the lines from
(0°,10°N) to (150°,50°N) and from (180°, 10°N) to
(330°,50°N) seen in ¢, is weakened in the time-
averaged field, because the potential vorticity is
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Fig. 6. Hovmoller diagram of the vorticity disturbance with a quantity {q'z}l/ 2. which is a square root of
q'? averaged over latitudes of ¢ = 29.3-60.0°N. A thin dashed line shows one cycle of the longitude.
Thick dashed lines show a phase speed of 18° day~!. Contour interval is 0.02 and shading indicates
the region greater than 0.08. The period of Day 8059-8064 is indicated by two vertical solid lines.

well-mixed by the disturbances that are repeatedly
developed in these locally unstable areas. Figure 5b
shows the spatial distribution of the wind speed |a@/,
which shows two jets denoted by dots as the line of
d|u|/8¢ = 0. The latitude of the jets shifts pole-
ward with longitude. The jet reaches a maximum
speed of about 57 ms™! in dimension at (115°, 65°N)
and (295°,65°N), which exceeds the maximum of
the forced zonal wind (54 ms™1) a little. Figure 5e
shows the absolute value of the gradient of potential
vorticity |V§|. Shaded areas of large |Vg|, which are
considered to be a waveguide of Rossby waves, are
seen just to the south of the jets.

Figure 5¢ shows the spatial distribution of the
standard deviation of the streamfunction, . The
areas of large oy are located in the jet exit regions
around (170°,60°N) and (350°,60°N). Figure 5f
also shows the standard deviation of the potential
vorticity, o4. The dark-shaded areas of large o, are
seen both in the areas of large |V§| shaded in Fig.
5e and in the areas where a large difference between
¢s and ¢ is recognized. The former seems to be re-
lated to the propagation of Rossby waves along the
waveguide, while the latter seems to be related to
the development of barotropically unstable distur-
bances.

In the Southern Hemisphere, the time mean 1)
is nearly the same as the zonal forcing 1* and the
temporal variation is much smaller than that in the

Northern Hemisphere.

3.8 Details of the temporal variability for p= 0.18

Temporal variations of the chaotic solution for
p = 0.18 are investigated by using vorticity distur-
bance ¢’ (A, i, t), which is the deviation of g(A, i, t)
from @(A, ). To see the longitudinal propagation
of the disturbance, a Hovmoller diagram is made
using a. quantity {¢’?}/2, which is a square root
of ¢'? averaged over latitudes of ¢ = 29.3-60.0°N,
where large variations of the vorticity are seen in
Fig. 5f. Figure 6 shows the diagram for the period
of Day 8000-8100. Most of large-amplitude distur-
bances propagate eastward with a phase speed of
about 18° day~! (thick dashed lines). Such propa-
gating disturbances are active in some periods, e.g.,
around Day 8010 and 8065, while they are not in
Day 8030-8060.

To quantify the growth of the disturbances we in-
troduce a global measure ||¢’||, which is a square
root of ¢'2 averaged over the globe: [|¢’|| = (¢/,¢')?

2m 1
where (o, ) = %/ / afdud). That is, ||¢'||
0o J-1

represents the magnitude of the disturbance ¢’ based
on the enstrophy norm. A thick solid line in Fig. 7
shows the temporal variation of ||¢’|| for the same
period as in Fig. 6. Irregular fluctuation of |l¢/||
is seen with a rapid growth in the periods of Day
8000-8010 and Day 8060-8065, which are followed
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Fig. 7. Temporal variation of the global measure of vorticity disturbance based on the enstrophy norm,
llg' (®)||(thick solid line). A thin solid line shows the global measure of disturbance based on the
energy norm, ||[V1'(t)|. A dashed line shows the global measure of projection of the disturbance
¢’ (t) onto the space spanned by the first 5 optimal modes, whose spatial structures are shown in the
upper panels of Fig. 15. Two vertical solid lines show the period of Day 8059-8064.

by the active periods of the disturbances seen:in
Fig. 6 for mid-latitudes in the Northern Hemisphere.
The rapid growth of ||¢’|| in the period of Day 8059
8064, which is indicated by two vertical solid lines,
is investigated thoroughly to clarify its dynamics. In
the 10,000-day dataset such rapid growth is some-
times detected.

A thin solid line in Fig. 7 shows the temporal vari-
ation of the magnitude of the disturbance based on
the energy norm denoted as || V4’| for the same pe-
riod. The fluctuation of ||[V4)'|| (thin solid line) is
similar to that of ||¢’|| (thick solid line), and a more
rapid growth of |[V1)’|| is also seen in the period in-
dicated by two vertical solid lines.

Figure 8 shows the temporal variations of the
potential vorticity ¢ and the wind w for the pe-
riod of Day 8059-8064. Relatively large changes in
the ¢ field are seen in the Western Hemisphere of
180° < X < 360°. An air mass of low ¢ around
(210°,30°N) at Day 8059 (a) is advected down-
stream into higher latitudes to form a low g area in
(230-280°, 30-50°N) at Day 8064 (f). An enhanced
ridge of ¢ is seen around A = 260° at Day 8061
(c), and advected eastward to reach about 310° at
Day 8064 (f), while a trough in high-latitudes is seen
around 330° at Day 8061 (c) and advected to reach
about 360° at Day 8064 (f). These propagations
of ridge and trough are recognized more clearly in
the disturbance field of the potential vorticity, ¢', as
shown in Fig. 9. Temporal variation of ¢ described

above can be easily identified; the advection of low
q (negative ¢') from low-latitudes to mid-latitudes
and the movement of the ridge (positive ¢’) and the
trough (negative ¢') in mid- and high-latitudes. The
rapid growth of the global measure ||¢’|| shown with
the thick solid line in Fig. 7 can be attributed to the
growing disturbances in the mid-latitudes, mainly in
the Western Hemisphere.

4. Linear analyses

4.1 Eigenmodes of the time-averaged field

We investigated a possible relation between the
eigenmodes of the time-averaged field and the vortic-
ity disturbances shown in the previous section. The
Jacobian matrix of Eq. (3), which is linearized with
respect to the time-averaged state shown in Fig. 5,
has a pair of complex eigenvalues with a positive
real part. The e-folding time T, is 17.3 days and
the period T, is 15.7 days for the unstable mode.
The period gives a good estimate for the dominant
period of the chaotic solution shown in Fig. 3c. Let
a1(A\, p) and ag(A, u) be two vorticity fields of the
associated eigenmode. The linear evolution of the
eigenmode vorticity perturbation £(X, i, ) is gener-
ally written in the form

Ept)=
Ct—to t—to
Ag {al()\, ) sin T + qg(/\, 1) cos 7 }
exp . ) (4)

T
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Fig. 8. Contour maps of the potential vorticity g(¢) for the period of Day 8059-8064. Contour interval

is 0.1 and shading indicates the region greater than 0.4. Arrows show the wind u.
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Fig. 9. Contour maps of the vorticity disturbance ¢'(t) for the same period as that in Fig. 8. Contour
interval is 0.04 and shading indicates the region greater than 0.08 or less than —0.08. Zero-contours

are omitted:
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Fig. 10. Linear evolution of the eigenmode vorticity perturbation £(t), whose e-folding time and period
are 17.3 days and 15.7 days, respectively. Contour interval is 0.02 and shading indicates the region
greater than 0.04 or less than —0.04. Zero-contours are omitted.

Now the amplitude Ag and the phase tg of Eq.
(4) are determined so as to satisfy C(qf,&) =

max C(gr, (A, p,t)) and ||l = Clar, o) * llgglls

0<t<T,
where ¢ = ¢'(\, 4, t = Day 8059), & = &\, u,t =

Day 0), and C(e, ) is a coefficient of correlation

between a and 8: C(a,f8) = ||<O;| ”ﬁﬁ)” That is, &

is equal to the orthogonal projection of ¢f with re-
spect to the vorticity field onto the plane spanned
by a1{\, 1) and az(A, ) in 1848-dimensional phase
space.

Figure 10 shows the ' temporal variation of
&(A, p, t) for the period of Day 0 < ¢ < Day 5. The
unstable eigenmode is nearly antisymmetric with re-
spect to the axis of rotation, i.e., all the EVENs
of the eigenmode are nearly zero. In comparison
to the evolution of the vorticity disturbance ¢’ in
Fig. 9, that of the eigenmode £ in Fig. 10 shows a
very similar variation in the Eastern Hemisphere of
0° < A <:180°. It is consistent with the fact that
the coefficient of correlation between ¢f and &y is as
much as 0.50. However, in the Western Hemisphere,
especially in longitudes of 240-360° where the vor-
ticity disturbance ¢’ shows the rapid growth for the
period of Day 8059-8064, a close correspondence be-

tween these two evolutions is not observed.

Quantitative comparisons were made between the
two evolutions. A solid line in Fig. 11a shows the
temporal variation of the global mean enstrophy of
the disturbance ||¢’(¢)||? for the period of Day 8056
8069, which is the square of the quantity indicated
by the thick solid line in Fig. 7, while a dot-dashed
line shows that of the eigenmode vorticity pertur-
bation ||¢(t)]|?, of which the initial value ||&]|? is
marked by an open circle at Day 8059. Although the
global mean enstrophy of the eigenmode ||£(¢)]|? be-
comes large for this period, the increment of ||£(¢)]|2
is less than a quarter of the increment of ||¢’(t)||%.
A dot-dashed line in Fig. 11b shows the temporal
variation of the coefficient of correlation between
q'(t) and £(¢), C(d'(t),£(t — 8059 days)). The co-
efficient of correlation at ¢ = Day 8059, C(qi, o),
is equal to 0.50 (marked by an open circle) and
C(q'(t), £(t—8059 days)) does not change very much
for the period of Day 8059-8064. Note that the
coefficient of correlation between ¢'(t) and the lin-
ear evolution whose initial value is the whole ¢} de-
creases monotonously from 1 at Day 8059 to 0.67 at
Day 8064. In this model, the unstable eigenmode
&(\, i, t) can not explain the rapid growth of |l¢’(¢)||
quantitatively, although it seems to represent a fun-
damental tone that exists in the irregular fluctuation

of ¢'(%).
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Fig. 11. (a) Temporal variations of the

global mean enstrophy of disturbances.
A solid line indicates the vorticity dis-
turbance ||g'(t)||® of the nonlinear solu-
tion for the period of Day 8056-8069.
The other lines indicate the linear evo-
lution of the projection of gy onto the
space spanned by the unstable eigen-
mode, that is, the first 2 eigenvec-
tors ||€(t)]|? (open circle and dot-dashed
line), by the first 5 eigenvectors (square
and dot-dot-dashed line), by the first
optimal mode (cross and short-dashed
line), and by the first 5 optimal modes
IC(®)||? (closed circle and long-dashed
line). (b) Temporal variations of the co-
efficient of correlation between ¢’ (A, i, t)
and each linear evolution from Day 8059.
Lines and markers are the same as those
indicated in (a).

4.2 Linear responses to isolated initial perturbations
Responses of the time-averaged basic state to iso-
lated initial perturbations were investigated using
the linearized barotropic model. The spatial distri-
bution of the initial vorticity perturbation was given
by Gaussian form;
r?(\ ¢)

70t =Day 0) = Boexp (-5 ) +.Co, (5
0
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where r()\, ¢) is an angular distance(0° < r < 180°)
between a point (), ¢) and the center of Gaussian
distribution, {Ag,¢¢), which satisfies the relation
cosT(\, ¢) = sin¢sin gy + cos P cos gy cos(A — Ag).
The amplitude By of the distribution may be ar-
bitrary in the linear evolution. The constant Co
was set in order that the integration value of the
vorticity perturbation 1 over the globe was zero.
The 72 x 35 initial perturbations for ro = 5° and
By, = —1 with the center (\g,¢o) varied with in-
tervals of 5° were evolved for 5 days with the
barotropic model linearized about the time-averaged
basic state. The amplification rate of the vortic-
ity of the initial perturbation for a time interval
7, () = |Iln(m)I/|n(0)||, was calculated for each
linear evolution 7(t). The dependence of the am-
plification rate v(7) on the center (Ag,¢o) in the
Northern Hemisphere is shown in Fig. 12 for 7 =1
day (a), 3 days (b), and 5 days (c). As the time
interval T increases, the difference in the amplifi-
cation rate of individual evolutions becomes larger.
For these time intervals, the initial perturbations
located upstream and equatorward of the jet maxi-
mum (see Fig. 5b) grow more rapidly than the ini-
tial perturbations of the other positions. On the
contrary, some of the initial perturbations, for ex-
ample (Ao, o) = (135°,15°N), continue to decay for
5 days in spite of the barotropically unstable basic
state. All of the isolated initial vorticity perturba-
tions whose center (Ag, ¢o) is in the Southern Hemi-
sphere decay (y(7) < 1) for 7 = 3 days and 5 days.

The linear evolution of the initial vorticity per-
turbation for (g, ¢o) = (210°,25°N) denoted by a
marker + in Fig. 12b, which is the position of a lo-
cal maximum of (7 = 3 days), is shown in Fig. 13
for Day 0 < t < Day 5. The spatial distribution
of the initial vorticity perturbation n(¢ == Day 0)
(a) is localized upstream and equatorward of the jet
maximum. The initially negative vorticity pertur-
bation makes a positive vorticity perturbation with
a large amplitude in the northeast (b) and a nega-
tive vorticity perturbation further downstream (c),
and they organize themselves as a wave train on the
waveguide of large |Vg| shaded in Fig. 5e. Further
downstream developments of wave trains are seen in
(d)—(f) with the indication of eastward propagation
of energy at a higher speed than the phase propaga-
tion, consistent with the Rossby wave propagation.
The temporal variation of the vorticity perturbation
in the Western Hemisphere shown in Figs. 13¢c-13f
resembles that of ¢’ shown in Figs. 9¢-9f. The ampli-
fication rates of this initial perturbation are v(r =
3 days) = 1.77 and (7 = 5 days) = 2.31, which are
much larger than those of the unstable eigenmode
perturbation shown in Fig. 10 [y(r = 3 days) = 1.33
and y(r = 5 days) = 1.52].
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Fig. 12. Dependence of the amplification rate v(7) of isolated initial vorticity perturbation on its center
of Gaussian distribution, (Ao, ¢o). The time interval 7 is, respectively, (a) 1 day, (b) 3 days, and (c)

5 days. Contour interval is 0.25 and shading indicates the region of amplification (y > 1). A marker
+ in (b) denotes the position of a local maximum of v(7 = 3 days).

/t=O (b)

Fig. 13. Linear evolution of the vorticity perturbation 7(¢) whose initial value is given by Eq. (1) for

(Ao, ¢0) = (210°,25°N), which is denoted by a marker + in Fig. 12b. Contour interval is 0.1 and
shading indicates the region greater than 0.2 or less than —0.2. Zero-contours are omitted.

4.8 Optimal modes of the time-averaged field tion as ||¢||. The scientific methodologies of the op-
The spatial distribution of the initial vorticity per- timal excitation problem are described in some pa-
turbation that grows most rapidly for a prescribed  pers, notably in Farrell (1988, 1989), and Lacarra
time interval was given by the first mode of the op-  and Talagrand (1988). As the optimal excitation
timal excitation problem. We investigated optimal  problem deals with the growth of perturbations for
modes of the time-averaged basic state with the en- a prescribed finite time-interval, the set of the opti-
strophy norm; letting ¢(), 1) be the vorticity of a mal modes depends not only on the basic state but
perturbation, and with a measure of the perturba- also on the time interval and the choice of norm that
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Fig. 14. The amplification rate (7) of the first 20 optimal modes for five time intervals 7 = 1-5 days.

measures the perturbation.

Figure 14 shows the amplification rate y(7) of the
first 20 optimal modes for five time intervals from
7 = 1 day to 5 days. All of the 20 optimal modes
grow for these time intervals as y(7) > 1. In the case
of 7 = 3 days, 44 modes grow and the remaining
1804 modes decay. As the time interval 7 increases,
the number of the growing modes decreases, which
converges to the number of the dimension of the
space spanned by the unstable eigenmode, 2, as 7
increases to infinity. For 7 = 2 ~ 5 days, there is
a significant difference in the amplification rate be-
tween the first 5 optimal modes and the 6th optimal
mode. Moreover, the first 5 optimal modes can be
also divided into two; i.e., the 1st mode and next 4
modes for 7 = 2 ~ 4 days.

Figure 15 shows the vorticity distribution of the
first 5 optimal modes b;—1.5(\, 4, t = Day 0) for 7 =
3 days (upper panels) and the vorticity distribution
of the perturbation evolved from the optimal mode
for 7 with the linearized model b;—1~5(\, i1, t = 7)
(lower panels). The first optimal mode b, (0) in (a)
has small amplitudes in the wide area of high- and
mid-latitudes, while the evolved perturbation b1 (7)
has large amplitudes locally in low-latitudes. The
second optimal mode bz(0) in (b) has large ampli-
tudes upstream and equatorward of the jet maxi-
mum, and is tilted against the shear of the jet. The
evolved perturbation from the second optimal mode,
b2(7), shows wavy perturbations on the waveguide

of large |Vg|. The third to the fifth optimal modes
b3~5(0) in (c~e) are similar to the second optimal
mode by (0) in the growth rate and the characteristics
of the spatial structure. However, there is an essen-
tial difference between the four modes ba~5(0) in the
phase of the wavy perturbations; the second b2(0)
and the third b3(0) optimal modes are about 7/4 out
of phase for wavy perturbations, so are the fourth
b4(0) and the fifth b5(0) optimal modes. Moreover,
the second b2(0) and the fifth b5(0) optimal modes
are about in phase in the Eastern Hemisphere and
somewhat out of phase in the Western Hemisphere,
and a similar relationship exists for the third b3(0)
and the fourth by(0) modes. The evolved perturba-
tions of these four modes ba.5(T) have similar spatial
patterns with large amplitude wave trains along the
two waveguides.

In much the same way we determined the ini-
tial vorticity of the eigenmode perturbation, §p, the
initial vorticity of the optimal mode perturbation,
¢o = ¢(\, p,t = Day 0), is determined by the pro-
jection of g; onto the space spanned by the first 5 op-
timal modes b;.5(0) for 7 = 3 days. The coefficient
of correlation C(gf, (o) is 0.25, which is about half of
C(d},&). The linear evolution of this optimal mode
vorticity perturbation (X, u,t) is shown in Fig. 16
for Day 0 <t < Day 5. The initial vorticity pertur-
bation (p in (a) shows a spatial distribution localized
upstream and equatorward of the jet maximum with
a tilt against the shear of the jet, similar to that of
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qi=10b)

J=2(c)

Fig. 15. Vorticity distribution of the first 5 optimal modes bi=1~5(A, p,t = 0) for 7 = 3 days (up-
per panels) and vorticity distribution of the perturbation evolved from the optimal mode for 7,
bi=1~5{(A, i, t. = 7) (lower panels). The value in the parentheses indicates the amplification rate
7 (t) = [|b:(7)]|/]|b:(0))]. Contour interval of the upper panels is, respectively, (a) 1 and (b)-(e) 2.
Contour interval of the lower panels is 5. Shading of the upper panels indicates the region (a) < —2
or > 2, and (b)-(e) < —4 or > 4. Shading of the lower panels indicates the region < —10 or > 10.

Zero-contours are omitted.
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Fig. 16. Linear evolution of the optimal mode vorticity perturbation {(t) for the period of 0 < ¢t < 5.
Contour interval and shading are same as those in Fig. 9.

the four optimal modes ba..5(0) shown in Figs. 15b—
15e. In fact, the coefficient of correlation between
the first optimal mode b;(0) and gf, C(gf, b1(0)), is
only —0.013; the contribution of the the first op-
timal mode to (y is very small. Compared with
the vorticity disturbance ¢’'(A, i, t) shown in Fig. 9,
the optimal mode vorticity perturbation ((\, u,t)
shows a very similar variation in the Western Hemi-
sphere and successfully reproduces the rapid growth
of the vorticity disturbances q'(, u, t) for the period
of Day 8059-8064.

In the same way as the eigenmode perturbation,
the temporal variation of the global mean enstrophy
of the optimal mode perturbation, ||¢(¢)]|?, is shown
in Fig. 1la with a long-dashed line. Though the
magnitude of the initial projection ||(y||* (marked by
a closed circle) is smaller than that of the eigenmode
llé0]1? (marked by an open circle), ||¢(t)]|? grows very
rapidly for the initial 3 days to exceed ||£(¢)||> and
keep growing afterward. The increment of ||¢(2)]|?
in the analysis period denoted by two vertical solid
lines is as large as the increment of ||¢’(t)||2. Note
that the increment of enstrophy of the perturbation
depends not only on its amplification rate but also
on its initial magnitude. The coefficient of corre-
lation C'(¢'(t), ¢(t — 8059 days)) denoted by a long-
dashed line in Fig. 11b increases for the initial days
and also exceeds C(¢'(t),£(t — 8059 days)) denoted

by the dot-dashed line. Judging from the incre-
ment of the enstrophy for the period and the coeffi-
cient of correlation at Day 8064, the rapid growth of
q'(\, u, t) is quantitatively described by the optimal
mode vorticity perturbation (A, u,t) better than
by the eigenmode vorticity perturbation £(A, u,t).
A short-dashed line in Fig. 11 corresponds to the
case of the projection onto the first optimal mode
b1(0). Since the initial value marked by a cross is
very small, there are no large increments in (a) and
no large correlations in (b), in spite of its large am-
plification rate. Thus, the first optimal mode is not
important for the rapid growth of ¢’ for the period
of Day 8059-8064 because of the small projection in
the initial state.

4.4 Propagation of Rossby waves

Propagation of Rossby waves along the waveg-
uide is diagnosed by using the wave activity M and
wave activity flux Mt introduced by Plumb (1986).
Though he has derived a conservation law for three-
dimensional propagation of transient eddies on a
slowly varying time-mean flow, we reduced it into
a two-dimensional form appropriate to the present
model:

M
%+V-MT=SM, (6)

where
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£=8060 ( ¢ )

Fig. 17. Wave activity M (contours) and wave activity flux Mt (arrows) for the same period as that
in Fig. 8, Day 8059-8064. The outer circle of each map is 30°N. Areas where |Vg| < 0.5cos¢ are
hatched. Contour interval is 0.002 and shading indicates the region greater than 0.004.

_ q?%cos¢
2|vq ’

Mt = Mg+ aM,

MR = BTL,
v’ (Ulz _ u/Z)/2
B =cos¢ ((,012 _ u/2)/2 —u'y s
n = V—({a
Vgl

and Sy represents sinks of wave activity, that is re-
lated with the dissipative terms of the right-hand
side of Eq. (1) in our model.

Figure 17 shows the wave activity M and the wave
activity flux M for the period of Day 8059-8064;
note that the plots are for ¢ > 30°N, and areas
where |Vg| < 0.5cos¢ are also hatched because
the assumption used in the derivation of Eq. (6)-
that the direction n is slowly varying on the sphere
as compared with B-is not fully satisfied, especially
not around the locally unstable areas. In the West-
ern Hemisphere, a local maximum of the wave ac-
tivity with an elliptic shape is observed around
(330°,60°N) at Day 8059 (a), which corresponds
to the negative vorticity disturbance shown in Fig.
9a. This local wave activity amplifies and deforms

into a more circular shape while moving southeast-
ward slowly (b-d). A new wave activity separates
from the dominant original and moves eastward (d—
f). The dominant wave activity flux is roughly
parallel to the waveguide; eastward for longitudes
300 ~ 330° and south-eastward for 330 ~ 360°. A
great increase of the wave activity occurs during this
period around the jet exit region, where |Vq| be-
comes small as shown in Figs. 5b and 5e. A large
convergence of the wave activity flux is observed in
the southeast of the wave activity, which is consis-
tent with the propagation and amplification of the
wave activity. Propagation of Rossby waves in a
zonally varying basic state plays an important role
in the amplification of vorticity disturbance around
the jet exit region. However, the wave activity is not
a very useful diagnostic tool for large disturbances
in the other areas, because the amplification of these
disturbances is closely related with the local insta-
bility of the time-averaged state.

5. Discussion

In the previous section, a typical example of the
rapid growth of vorticity disturbances, which occurs
irregularly and intermittently in the nonlinear so-
lution described in Subsection 3.1, was throughly
examined from four different dynamical viewpoints;
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eigenmodes of the time-averaged field, linear re-
sponses to isolated initial perturbations, optimal
modes of the time-averaged field, and propagation
of Rossby waves. The growth of disturbances can be
predicted roughly by a measure of the disturbances
projected onto a small number of optimal modes; a
dashed curve in Fig. 7 shows the temporal variation
of the projection onto the space spanned by the first
5 optimal modes for 7 = 3 days, while a thick solid
curve is the temporal variation of the measure of the
disturbance ||¢’||. The projection becomes large be-
fore ||¢'|| becomes large. The cross-correlation func-
tion between the two curves based on the 10,000-day
dataset has a maximum 0.77 at 4-day lag and 0.75
at 3-day lag. The same calculation with the pro-
jection onto the space spanned by 4 optimal modes
from the second to the fifth shows similar results of
a maximum correlation 0.78 at 4-day lag and 0.74
at 3-day lag. It is surprising that such a high corre-
lation is obtained from the projection only with the
4 optimal modes. The same calculation with the
first 4 optimal modes for 7 = 3 days based on the
energy norm ||V¢'|| shows a maximum correlation
0.61 at 3-day lag, where the first 4 energy optimal
modes have similar growth rate and spatial struc-
ture as have the 4 enstrophy optimal modes from
the second to the fifth. The difference of the cor-
relation indicates that the optimal modes with the
enstrophy norm predict the growth of disturbance in
the present example better than those with the en-
ergy norm. The difference seems to be related to the
fact that the number of the growing energy optimal-
modes (191) is much larger than that of the growing
enstrophy optimal-modes (44) for 7 = 3 days.

In dealing with the optimal mode, it is necessary
to determine the norm that measures the distur-
bances. Although the energy norm has been used in
most of the studies of the optimal excitation problem
(e.g., Borges and Hartmann, 1992; Sardeshmukh
et al., 1997), the enstrophy norm was adopted in
this study because of the high value of the cross-
correlation stated previously. By using the energy
norm it has been shown that the first optimal mode
of the climatological mean flow in the upper tropo-
sphere has a large amplitude upstream and equa-
torward of the African-Asian jet maximum and is
strongly tilted against the shear of the jet (e.g.,
Borges and Hartmann, 1992; Sardeshmukh et al.,
1997). An explanation of this structure was given by
the fact that in a linear shear flow the disturbances
with phase lines tilted against the shear may in-
crease their energy for a finite time interval without
substantial increase of their enstrophy (Orr, 1907;
Boyd, 1983; Shepherd, 1985). However, this mech-
anism should not be essential in the present opti-
mal excitation problem with the enstrophy norm.
" Nonetheless, the enstrophy optimal modes obtained
in our model as the 2-5th modes show the structure
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that has large amplitude upstream and equatorward
of the jet maximum and is tilted against the shear
(the upper panels in Figs. 15b-15¢), which is very
similar to the structure of the optimal modes with
the energy norm. Therefore, another mechanism for
the rapid growth of such disturbances is required to
explain the substantial increase of the enstrophy.

The structure of rapidly growing disturbances is
well described by the optimal modes of the time-
averaged field in other chaotic solutions around the
previous example for p = 0.180. This is also true
for the periodic solution for p = 0.140; spatial pat-
terns of rapidly growing disturbances in the peri-
odic solution are very similar to those for p = 0.180
shown in Fig. 9. The unstable eigenmode of the
time-averaged field for the periodic solution also has
a similar spatial pattern to that for p = 0.180 shown
in Fig. 10, while both the e-folding time (27.6 days)
and period (27.7 days) of the unstable eigenmode for
p = 0.140 are longer. than those for p = 0.180. Thus
it is difficult to explain the nonlinear variations of
the periodic solution for p = 0.140 with the unstable
eigenmode of the time-averaged field.

One might oppose the comparison between the
first 5 optimal modes and only the unstable eigen-
mode associated with the first 2 eigenvectors.
Squares and dot-dot-dashed lines in Fig. 11 rep-
resent the case of the projection onto the 5-
dimensional space spanned by the first 5 eigenvec-
tors obtained by the eigenanalysis. The first 5 eigen-
vectors consist of the unstable eigenmode described
in Subsection 4.1 and two stable eigenmodes asso-
ciated with one pair of complex eigenvalues whose
1/e-time is 39.8 days and period is 10.6 days and
with one real eigenvalue whose 1/e-time is 37.5 days.
Although the magnitude of the initial projection
for the first 5 eigenvectors, which is marked by the
squares in Fig. 11, is larger than that for the first 2
eigenvectors, marked by the open circles, both the
global mean enstrophy and the coefficient of cor-
relation to ¢'(A, p,t) of the vorticity perturbation
for the first 5 eigenvectors are almost the same as
those for the first 2 eigenvectors after 5 days. As to
the increment of the enstrophy for the period; it is
smaller than that for the first 2 eigenvectors. Hence
the rapid growth of ||¢’(¢)|| can not be explained by
the eigenmodes even if the number of eigenmodes is
increased as the same number of the optimal modes
we adopted.

The dependence of the stability of a zonally vary-
ing basic state on the topography, which Andrews
(1984) pointed out, can be examined in our model.
The topographic term was included in the linear sta-
bility analysis in Subsection 4.1. Here, eigenvalues
of Jacobian matrix without the topographic term
assuming § = pAvY + p were calculated and only
unstable modes are listed at the bottom of Table
1. There are two pairs of complex eigenvalues with
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a positive real part. The most unstable one in the
present no topography case has the e-folding time
of 30.5 days, which is roughly twofold of that in the
~original case with topography, although the period
and spatial pattern are similar. The barotropic in-
stability of the zonally varying time-averaged state
is underestimated in our model, if the topographic
term is disregarded. ’

We have investigated the relation between the ir-
regular fluctuation and the time-averaged field us-
ing a simple barotropic model. Chaotic solutions
obtained in the present model do not show any hint
of multiple flow regimes and are characterized by
variations around the time mean. This is the reason
why the present linear analysis is useful to under-
stand the nonlinear variations. On the other hand,
transitions between some flow regimes, e.g., a block-
ing regime and a zonal regime, are observed in the
real atmosphere and in some numerical models (e.g.,
Itoh and Kimoto, 1996). In such systems with mul-
tiple flow regimes, the time mean field may not be
very useful for the linear analyses; a mean state of
each regime could be more useful.

6. Conclusions

Fundamental - dynamics of extra-tropical low-
frequency variations were examined by numerical
experiments based on a simple barotropic model
with topography, which is a forced-dissipative au-
tonomous system. Asymptotic solutions of the
model for realistic parameter ranges showed irreg-
ular variations with a dominant period of 10 ~ 20

days (Fig. 3). The time-averaged state revealed a

zonal variation under the influence of the topogra-
phy (Fig. 5), as did the climatological mean state
in the upper troposphere. Low-frequency variations
obtained in the present nonlinear model were char-
acterized by the rapid growth of disturbances that
took place intermittently and irregularly. The grow-
ing disturbances showed wave train patterns along
the waveguides where |V{| is large (Fig. 9).

In order to understand the mechanism of such
rapid growth of disturbances, linear characteristics
of the time-averaged basic state, such as eigenmodes,
optimal modes, and linear responses to isolated ini-
tial perturbations, were investigated. Compared
with the eigenmodes and the optimal modes, the
rapid growth was reasonably explained by the lin-
ear evolution of the optimal modes (Fig. 16) rather
than that of the unstable eigenmode (Fig. 10). The
optimal modes had wave-like structures that were
highly localized upstream and equatorward of the
jet maximum and were tilted against the shear (the
upper panels in Figs. 15b-15e). Evolution of the
optimal modes showed wave trains along the waveg-
uide. The results of the linear responses of iso-
lated initial perturbations also indicated that the
areas upstream and equatorward of the jet maxi-
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mum were favorable for the rapid growth of the per-
turbations (Fig. 12), and their linear evolution also
shows wave train patterns along the waveguide (Fig.
13), which are similar to those seen in the nonlinear
model and the optimal modes. The diagnosis with
the wave activity and the wave activity flux intro-
duced by Plumb (1986) indicated that the propaga-
tion of Rossby waves plays an important role in the
amplification of the vorticity disturbance around the

jet exit region observed in the nonlinear model (Fig.
17).
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