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Abstract

Lagrangian motion in a steady, baroclinic annulus wave is investigated numerically by following a tracer
particle trajectory for a long period. Even for the regular Eulerian flow field of steady waves, the trajectory
shows a chaotic nature, which is an example of “Lagrangian turbulence”. However, the chaotic trajectory
has some organized structures depending on its position in the annulus. Based on the structure, the
annulus of fluid is divided into the following regions: the upper-level and lower-level jets, the cyclonically
and anticyclonically trapped regions, and the inner, outer and lower boundary layers. Some isolated regions
in which the marked particle has never stayed for that period are also found inside the cyclonically trapped
region and around the anticyclonically trapped region. Statistics over the long period show a preferred
cyclic route of the region transitions: the outer boundary layer — the upper-level jet — the inner boundary
layer — the lower-level jet or the lower boundary layer — the outer boundary layer. The number of dwell
periods of the particle in the trapped regions is much smaller than that in the cyclic route but the average
time of one stay in the trapped regions is longer.

A Lagrangian view of the heat transport in the steady annulus wave is obtained: The fluid particle
absorbs a large amount of heat in the outer boundary layer and releases it in the inner boundary layer,
while it nearly conserves its temperature in the interior regions. Inward heat transport is small in every
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one cycle of the meander of the jets.

1. Introduction

Lagrangian motion of fluid particles and fluid el-
ements has been studied for several decades in the
field of dynamic meteorology and physical oceanog-
raphy. A good historical review is given by Pierre-
humbert (1991a). Earliest examples of such stud-
ies are papers by Rossby et al. (1937) and We-
lander (1955), in which deformation and mixing of
a fluid element were discussed with aerological data
and experimental results, respectively. Both of the

papers treat basic and important properties of the

Lagrangian motion and are still worth referring to.
Trajectories of the Lagrangian motion might be
very complicated even if the Eulerian flow field is
regular and coherent. Flier]l (1981) investigated par-
ticle motions in some idealized two-dimensional flow
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If a streamline ¥(X,Y) =

fields of steadily propagating waves and isolated cir-
cular eddies, aiming at a possible application to La-
grangian data of the trajectories of surface drifters
in the ocean. He showed that some particles are
trapped to translate along with the. disturbances
when a particle speed is comparable to or larger than
the phase speed, c¢. Introduction of the “co-moving”
reference frame with the wave or the isolated eddy,
(X,Y) = (z — ct, y), was very effective to analyze
the drift rates and trapped areas; the trajectories in
this frame are given by

X = -2 ¥(X,Y),
Y
P

e U(X,Y). o

¥, is a closed orbit, par-
ticles on it are trapped with the disturbance. The
largest orbit separating regions of trapped and un-
trapped particles is a heteroclinic orbit connecting
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Fig. 1.

A streak photograph of trajec-
tories of the suspended particles at a
depth of 0.5 cm below the upper sur-
face by exposing the film for 2 seconds
in a camera mounted on the rotating
apparatus, taken from Hide and Mason
(1975). Working fluid is a water-glycerol

solution. The size of the annulus is
b—a=4.64 cm and d = 13.5 cm. Rota-
tion rate is 3.22 rad/s and the thermal
Rossby number is 0.118.

a pair of saddle points (Knobloch and Weiss, 1987;
Weiss and Knobloch, 1989).

If the propagating wave is modulated, that is,
the streamfunction ¥ is time-periodic in Eq. (1),
then the trajectories in the co-moving frame may
be chaotic even though the Fulerian flow is laminar
(Knobloch and Weiss, 1987; Weiss and Knobloch,
1989). “Chaotic advection” or “Lagrangian turbu-
lence” (see e.g., Ottino (1989) for fundamental de-
scriptions) is really observed in a separatrix layer
between the trapped and untrapped regions. Pier-
rehumbert (1991a, 1991b) investigated further the
chaotic mixing by modulated propagating waves
with computing finite-time Lyapunov exponents (see
Yoden and Nomura, 1993) in physical space. The
basic concept and analysis procedure of the chaotic
mixing were applied to a rotating annulus experi-
ment on Rossby waves by Behringer, Mayers and
Swinney (1991) and to global GCM data by Pierre-
humbert and Yang (1993).

If the flow field is three-dimensional, particle tra-
jectories can be chaotic even for steady-state solu-
tions, because the dynamical system describing the
trajectories has three degrees of freedom:
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Fig. 2. Trajectories of particles projected
onto the meridional plane, which were
obtained by tracing the motion of sus-
pended balls of acrylic resin in the ro-
tating annulus experiment performed by
Sakai (1990). Symbols o and x indicate
initial and final positions of the tracing
particles, respectively. The size of the
annulus is ¢ = 3.5 cm, b = 7.5 cm, and
d=17cm. :

& = w(z,y,2),
Y= ’U(iE,y,Z), (2)
2 = w(z,y, 2).

Simplest examples of such chaotic streamlines are
the Arnold-Beltrami-Childress (ABC) flows (Dom-
bre et al., 1986) and the steady confined Stokes flows
(Bajer and Moffatt, 1990).

_ Steady waves in the rotating annulus of fluid with
radial differential heating are one of the familiar ex-
amples of such three-dimensional flows in the field
of geophysical fluid dynamics. The Eulerian flow
field of the steady waves has been investigated in-
tensively by laboratory experiments (see a review
by Hide and Mason, 1975) and by numerical exper-
iments (e.g., Williams, 1969, 1971, 1972; Ukaji and
Tamaki, 1989). However, the Lagrangian motion in
the steady waves has attracted little attention until
now. Figure 1 shows a streak photograph of particle
trajectories near the top surface of the fluid taken by
a camera mounted on the rotating apparatus (Hide
and Mason, 1975). Meandering of the “jet stream”
is clearly visualized by long streaks. Particle tra-
jectories in the interior region were obtained in the
laboratory experiment by Sakai (1990). A projec-
tion of the trajectories on the meridional plane is



August 1994

S. Sugata and S. Yoden : 571

alr particle

Fig. 3. A Lagrangian-type of illustration for the meridional heat transport in the atmosphere '(Unn0‘ et al., 1992).

nearly elliptic and the major axis tilts from upper
inside (cold side) to lower outside (warm side) as
shown in Fig 2. These figures show some aspects of
the Lagrangian motion. However, it is difficult to
get the chaotic nature of the trajectories from these
figures because of the short exposure times and the
limited number of particles.

Under the influence of recent progress in the study
of Lagrangian turbulence, in this paper we investi-
gate the Lagrangian motion of particles in a steady,
baroclinic annulus wave by tracing the trajectories
for a long time interval with a numerical solution
obtained by Sugata and Yoden (1993). Even if the
co-moving reference frame with the steadily propa-
gating wave is adopted following Flier] (1981), the
obtained trajectories are expected to be much more
complicated than those in the ABC flows, because
the Eulerian flow field we analyze is not a simple and
ideal flow but a “real” one in the presence of rigid
boundaries and viscosity. Therefore we take a new
approach to get a gross feature of the chaotic na-
ture of the particle trajectories; the annular domain
is divided into several regions with different behav-
ior of particles, and residence time in each region
and transitions between the regions are computed.

The baroclinic annulus waves owe their existence
to the radial differential heating, that is to say,
the annulus waves have an important role in in-
ward heat transport. The Eulerian mean description
shows a positive correlation between inward devi-
atoric flow and positive deviatoric temperature in
the .interior region. Based on such results, illustra-
tions of the heat transport from a Lagrangian view-
point as shown in Fig. 3 are widely accepted for
the meridional transport in the atmosphere. This
figure was taken from a high-school textbook; air
particles in the westerly jet stream obtain heat in
low latitudes, move poleward, and release it in high
latitudes. Heating and cooling of the particles take
place in every cycle of the meander of the westerly
jet. However, how well is this kind of illustration

applicable to the Lagrangian view of the heat trans-
port in the steady annulus waves?

In this paper, we straightforwardly compute the
temperature change of the same particle used in the
trajectory analysis. Moreover, a crude estimation
of the heat transport from the Lagrangian view is
done using the probability of transitions between
the regions. It should be noted that temperature
in the present study is conserved following the mo-
tion if thermal diffusion is absent, which condition
is roughly fulfilled in the interior region. However,
temperature is not a passive scalar because it is in
the buoyancy term in the vertical momentum equa-
tion. Although enhanced transport is an interesting
and important subject of the “Lagrangian turbu-
lence”, temperature is not the best physical quantity
for that purpose. Chaotic mixing in the steady an-
nulus waves is not investigated to any great extent
in this study.

Lagrangian motion of particles in a steady an-
nulus wave is investigated in Section 2 and a La-
grangian view of the heat transport is given in Sec-
tion 3. Section 4 is for discussion and Section 5 for
conclusions.

2. Chaotic particle motion in a steady wave

solution

2.1 A steady wave solution

Sugata and Yoden (1993) developed a semi-
spectral model which has the same experimental pa-
rameters as those used by Ukaji and Tamaki (1989).
Discrepancy in-the obtained steady waves is small
between two models. Experimental parameters for
the steady wave we investigate in this study are as
follows. The dimensions of the apparatus are: inner
radius ¢ = 4.5 cm, outer radius b = 9.7 cm, and
height of the.fluid d = 8.0 cm. The top surface of
the working fluid of water is in contact with a free-
slip rigid lid and the other three surfaces are non-
slip rigid boundaries. Inner and outer walls are kept
at different temperatures to maintain the difference
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Fig. 4. Horizontal sections of a steady wave solution: (a) horizontal velocity field, (b) vertical velocity
[em/s], (c) pressure divided by mean density [cm?/s?], (d) normalized temperature, and (e) horizontal -
velocity field in the co-moving frame, at two different levels of z/d = 3/4 (I) and 1/4 (II). Each
section is described over two wavelengths in the azimuthal direction. Amplitudes of the unit vector
and contour intervals are the same between sections for the same variable.

AT = 3 K, and the top and bottom boundaries are
thermally insulating. The rotation rate €2 of the ap-~
paratus is 0.6 rad/s. The thermal Rossby number
(Ror) is 6.55 x 107! and the Taylor number (Ta)
is 9.15 x 10%. Refer to Sugata and Yoden (1993) for
further description of the model and the numerical
procedure.

The dominant wavenumber of the steady wave

is m = 5. The wave drifts “eastward” relative
to the apparatus at a constant rotation rate w =
1.67 x 1072 rad/s. The term “east” means the az-
imuthal direction of the rotation of the apparatus.
The rotation rate w is about 1/36 of the apparatus

rotation rate Q.
Dependent variables computed in our model are

velocity (u,v,w), normalized temperature #, and
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Fig. 5. Projections of a trajectory of a tracer particle onto r-\’ plane (a), r-z plane (b), and \'-z plane
(c), where X is the azimuth in the co-moving frame. The particle is initially located at a cross mark

and traced for 5 x 10* s.

pressure divided by the mean density p. The veloc-

ity components (u, v, w) are related in the cylindrical

coordinates (7, A, 2), as (u,v,w) = (%,r%, Df),

where r, A, and z are the radius from the axis of the
rotation, the azimuth relative to the apparatus, and
the height from the bottom, respectively, and D/Dt
is the total derivative. Figure 4 shows (u,v), w, p,
and 8, over two wavelengths at two different levels;
an upper level of z/d = 3/4 (I) and a lower level
of z/d = 1/4 (II). The three dimensional structure
of the baroclinic annulus wave is basically the same
as that obtained in early studies (Williams, 1969,
1971, 1972; Ukaji and Tamaki, 1989). A strong
westerly jet stream is dominant at the upper level,
as shown in Fig. 4(a-T). The horizontal velocity is
- over 0.5 cm/s at the core of the jet stream. At the
lower level (a-IT), the horizontal flow is weaker ow-
ing to the presence of the non-slip bottom boundary.
The horizontal flow is almost parallel with isobars
at both levels (¢), which is indicative of the predom-
inance of geostrophic balance. Downward motion is

found in the western side of the low-pressure except
for the inner boundary layer (b). Correlation be-
tween temperature (d) and the radial velocity (a) is
indicative of inward heat transport by the baroclinic
annulus wave.

Figure 4e shows the horizontal velocity (u,v’) de-
scribed in the co-moving frame in the azimuthal di-
rection with X = X\ — wt. The azimuthal velocity in
this frame is given by o' = rL A _ v —rw. Com-
pared with Fig. 4a, the anticyclonic circulation in

‘the high-pressure is clear at the upper level and an

easterly jet stream appears clearly at the lower level,
which feature are solely due to the addition of the
apparent westward velocity, —rw to v.

2.2 Numerical procedure of particle tracing

We consider an idealized tracer particle which is
so small that it follows the flow faithfully and is
so large that the stochastic process due to molec-
ular motions is ignored. We also assume that the
particle has the same physical properties as the
experimental fluid, such as specific heat and den-
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Fig. 6. Poincaré sections for a trajectory of 5 x 10° s period at four levels: z/d = 3/4 (a), 1/2 (b), 1/4
(c) and 1/16 (d). The 27 /5 periodicity in X’ direction is used for the sections. The number of points

is shown above each figure.

sity. The particle is released at a point (r, A, z) =
(a+3(b—a)/4,7/18 % 2w /5,3d/4) in the core of the
westerly jet stream, and is traced for 5 x 10% s with
the velocity field described in the preceding subsec-
tion. It should be noted here that the obtained tra-
jectory itself does not always keep its realism over
the period owing to the chaotic nature of the system,
an inevitable computational error, and the assump-
tion on the tracer particle mentioned above. How-
ever, the long-period tracing of one particle would
be justified because our main purpose is not exact
prediction of the position of the marked particle but
general description of the nature of the particle be-
havior. Present study based on the long-period trac-
ing can be interpreted as an analysis of huge ensem-
bles of “real” particle trajectories for a short-period
with different initial positions. In other words, the
long-period tracing is equivalent to a succession of
the short-period tracings which are restarted from
the final position of the previous tracing whilst clear-

ing out the prediction error to zero.

Movement of the marked particle is obtained by
integrating the kinematical relationship (2) between
position and velocity of the particle, which is ex-
pressed in a centered difference form:

r(t+ At) = r(t — At) 4+ 2V (r(2), t) At, (3)

where At is the time increment, which is set to 5.0 x
1073 s, and r and V are three-dimensional vectors
of position and velocity of the particle relative to the
apparatus, respectively. To prevent the growth of a
numerical mode, a periodical restart is done every
12.5 s.

A dependent variable ¢(r,A,z) is linearly in-
terpolated from those of the adjacent four grids,
@i,j,di+1,5> Qi,j+15 Gi+1,j+1, in the meridional plane as
follows.

g(r,\2) = 1—2)(1 —y)g,; + (1 — ¥)gi+15
+(1 — 2)Y¢i j+1 + TYGi+1,5+41- (4)
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Fig. 7. As in Fig. 6, except for four meridional sections: X\ =

(3 +15) % ZE (0), and (3 + ) x & (d).

Here x and y are “distance” from the grids:

r=a+Ar(i+z), (5)
z=Az(j+y), (6)

where Ar and Az are the radial and vertical grid in-
tervals, respectively. Interpolation in the A direction
is not necessary because of the semi-spectral model.
Within one grid from a boundary, a modification of
the interpolation is necessary for the velocity com-

5 x & (), (F + 1) x & (),

ponent normal to the boundary in order to prevent
the particle from penetrating the boundary. For ex-
ample, the radial velocity within one grid distance
from the inner wall, u(r, A, z) is given by

u(r A, 2) = 22(1 — Y)ua j + T2Yur j41, (7

which approximation satisfies the mass conservation
law. Similar modification is done for the other three
boundaries.
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Fig. 8. As in Fig. 6, except for five azimuthal sections: (r —a)/(b —a) = 5/64 (a), 1/4 (b), 1/2 (c), 3/4

(d), and 59/64 (e).

2.8 Trajectory of a particle motion

Trajectory of a particle motion is projected onto
the r-)’ plane, r-z plane, and X'-z plane in Fig. 5.
Even for the present steady-wave solution, the tra-
jectory in the co-moving frame is highly complicated
and shows a chaotic nature. However, the particle
motion is not random but has some coherent struc-
tures. For example, two predominant wavy streaks
appear in the horizontal projection (a), of which

crests are nearly out of phase in the azimuthal di-
rection. The interior region of the meridional pro-
jection (b) is occupied by nearly horizontal streak
lines which slope up toward the inner wall, while
side boundary layers are occupied by vertical streak
lines. The azimuthal projection (c) mostly consists
of horizontal streak lines in comsistency with the
meridional projection.

A method of Poincaré sections in the study of dy-
namical systems is used for detailed visualization .
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of the Lagrangian structure of the steady annulus
wave as Dombre ef al. (1986) used the method for
the ABC flows. Only the successive intersections of
trajectories with one or several surfaces, which are
called Poincaré sections, are plotted to get a two-
dimensional picture of the three-dimensional trajec-
tories. Figure 6 shows four horizontal Poincaré sec-
tions at z/d = 3/4 (a), 1/2 (b), 1/4 (c¢), and 1/16
(d). The last section (d) is nearly at the top of
the lower boundary layer (the Ekman layer). The
points of intersections are scattered on the horizon-

tal planes except for some empty regions, the largest

one of which is in the low-pressure at upper- and
mid-levels (a, b). The points in the side boundary
" layers are clearly separated from those in the interior
with a sparse band because the vertical velocity is
nearly zero around the interface to form the sparse
band. The points are also sparse along the line of
w = 0 (Fig. 4b) in the interior. A cluster of the
points in the low-pressure at the top of the lower
boundary layer (d) is suggestive of frequent upward
passage of the particle due to the Ekman pumping.
Any “ordered” region of the points is not obtained
in the horizontal sections, which is an reflection of
the fact that trajectories in the interior are quasi-
horizontal.

If vertical sections are used for the Poincaré plot,
some ordered regions are obtained as well as other
chaotic regions. Figure 7 shows four meridional
Poincaré sections at X = (n/4+1/10) x 2r/5,(n =
0,1,2,3), which nearly correspond to the trough (b),
the ridge (d), and the middle between them (a, ¢) in
the upper layers. An ordered region exists around
the high-pressure in the upper and middie layers (d),
in which successive points of intersections lie on a
well-defined curve. Another vertical section along
r = (a+b)/2 (Fig. 8c) shows topologically symmetric
structure of the curves with respect to the center of
the high-pressure. In three-dimensional space each
trajectory lies on a two-dimensional surface of a tube
around the high-pressure center. Several empty re-
gions which have a ring structure are found around
the high-pressure center.

Another ordered region exists around the low-
pressure center in the upper and middle layers, as
shown in Figs 7b, 8b and 8c. The ordered region is
not so large as that around the high-pressure cen-
ter. More impressively a large volume of empty
region exists within the ordered region around the
low-pressure center. The marked particle has never
entered the region in over 5 x 10° s. On the other
hand, any particle which is initially placed in the
empty region does not go outside for the same or-
der of time period but has a quasi-periodic orbit
on a torus around the low-pressure. For the quasi-
periodic orbit, a couple of closed rings are obtained
in vertical Poincaré sections (not shown).

Several clusters of the points in chaotic regions are
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observed in the meridional and azimuthal Poincaré
sections (Figs. 7 and 8). One group of the clusters is
related to the westerly jet stream in the upper lay-
ers, and another group is related to the jet stream in
the lower layers which is easterly in the co-moving
frame. These two clusters are easily discernible in
Fig. 7a and 7c. Some of the vertical Poincaré sec-
tions show clusters of the points related with the
side and lower boundary layers.

2.4 Division into seven regions by the particle be-
havior

Figure 9 shows time variations of the position of
the particle in the co-moving frame (r, ', z), pres-
sure p, and normalized temperature 6 for 20,000 s
from t = 20,000 s to ¢ = 40,000 s. Similar-
ity between the variation of z and p is indica-
tive of the dominance of hydrostatic balance in the
fluid. Each variation is irregular and chaotic. How-
ever, some typical ordered behavior appear inter-
mittently, which is in accordance with the chaotic
and ordered regions seen in the Poincaré sections
(Figs. 6, 7 and 8). '

The annular domain except for the empty regions
can be divided into seven regions according to the
particle behavior: upper-level jet, lower-level jet, cy-
clonically trapped region, anticyclonically trapped
region, inner boundary layer, outer boundary layer
and lower boundary layer.

Figure 10 is a bird’s eye view of an example of the
trajectory during 25,307 s < ¢ < 26,100 s {(1)—(4) in
Fig. 9). The particle is in the lower-level jet from (1)
to (2); it is advected westward relative to the wave
(i.e., retrograde, d\'/dt < 0) with large meander-
ing. The particle rotates nearly two rounds in the
annulus and the center of the meander shifts out-
ward. It enters the outer boundary layer (2), moves
upward and westward for a while, and enters the
upper-level jet (3). The particle in the upper-level
jet progrades to the wave with large meandering. It
rotates over one round and the center of the mean-
der shifts inward. It finally enters the inner bound-
ary layer (4). Particle motion in the upper-level jet
and in the lower-level jet is distinguishable by the
rapid prograde and retrograde, respectively, in the
X section in Fig. 9.

Another example of the trajectory in the ‘anti-
cyclonically trapped region and in the cyclonically
trapped region is shown in Fig. 11 for the duration
of 29,148 s < t < 31,931 s corresponding to (a)-
(d) in Fig. 9. The particle spirals up from (a) to
(b) and down from (b) to (c) in the anticyclonically
trapped region. The downward spiral is inside of
the upward spiral. The particle enters the cycloni-
cally trapped region (c), spirals up in the region, and
finally enters the inner boundary layer (d). These
trajectories in the trapped regions make the ordered
regions in the Poincaré sections (Figs. 7 and 8). Par-
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Fig. 9. Time variations of each variable following the marked particle: (a) radius r [cm], (b) azimuth
X' [rad], (c) height z [cm], (d) pressure divided by mean density p [cm?/s?], and (e) normalized
temperature 6. The period is 2 x 104 s from t = 2 x 10* s to 4 x 10% s.

ticle motion in these trapped regions is easily distin-
guished by the oscillation of X’ around a particular
phase in Fig. 9; other durations in the anticycloni-
cally trapped region are 21,993 s < ¢ < 23,975 s,
33,137 s < ¢ < 34,849 s, 35,049 s < t < 37,743 s,
and so on, and those in the cyclonically trapped re-
gion are 20,000 s <t < 20,724 s and so on.

Figure 12 is the third example of the trajectory
showing a typical particle motion in three bound-
ary layers for the duration of 28,286 s <t < 28,492
s corresponding to (A)-(D) in Fig. 9. The parti-
cle moves downward and westward relative to the

wave from (A) to (B) in the inner boundary layer
and enters the lower boundary layer. The parti-
cle moves outward with some meandering to enter
the outer boundary layer, in which it moves upward
and westward rapidly. Particle motion in the inner
(outer) boundary layer is distingunished in Fig. 9 by -
the closeness of r to a(b) and rapid decrease (in-
crease) of z, while that in the lower boundary layer
by the closeness of z to 0.

The marked particle stays in one of the above
seven regions for some period of time and makes
a transition to another region. Residence time in
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Fig. 10. Bird’s-eye view of a trajectory in the lower-level jet and the upper-level jet.

Each label

corresponds to a particular time; ¢ = 25,307 s (1), 25,748 s (2), 25,794 s (3), and 26,100 s (4).. Thin
vertical lines are projections of the trajectory onto the upper boundary or the lower boundary with

an interval of two seconds.
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Fig. 11. As in Fig. 10, except for the anticyclonically trapped region and the cyclonically trapped region.
Each label corresponds to a particular time; ¢ = 29,148 s (a), 29,676 s (b), 30,904 s (c), and 31,931 s
(d). The line between (b) and (c) is drawn by a broken line. Vertical projection is done every two

seconds.

each region and transitions between the regions are
computed with the trajectory of 10° s period at the
beginning.

The first column of Table 1 is the number of dwell
periods (N) of the particle in each region. It stays
nearly 100 times in each region of the upper-level jet,
the inner boundary layer, and the outer boundary
layer. The number N for the lower-level jet is nearly

2/3 of the largest value and those for the lower .
boundary layer and the anticyclonically trapped re-
gion are nearly 1/3. The cyclonically trapped region
has the least number (N = 22). However, the total
time T (the second column of Table 1) and the aver-
age time T'/N (the last column) of the stay in each

- region have different orders in length. The particle

stays longest in the anticyclonically trapped region
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Fig. 12. As in Fig. 10, except for three boundary layers. Each label corresponds to a particular time;
t=28,286 s (A), 28,342 s (B), 28,431 s (C), and 28,492 s (D). Vertical projection is done every two

seconds.

Table 1. Number of dwell periods (V) of the
particle in each region, total time (T) of
the stay, and average time (T//N) of the

stay.

region number | total time | average time

M) M| (T/N) 8]

Upper-level jet 101 21,457 2124
Lower-level jet 64 19,531 305.2
Cyc. trapped 22 15,732 715.1
Anticyc. trapped 34 26,597 782.2
Inner boundary 96 4,907 51.1
Outer boundary 103 8,971 87.1
Lower boundary 36 2,805 77.9
| Sum [ 456] 100,000] 219.3]

over 1/4 of 10° s. The total time of the stay in the
upper-level jet, the lower-level jet and the cycloni-
cally trapped region has the same order of 10* s as
the largest 7', while that in the three boundary lay-
ers is one order smaller. On average, residence time
is longest (over 700 s) in the two trapped regions.
Once the particle enters these trapped regions, it
spirals with a slow speed, as shown in Fig. 11; the
longest residence time is 3,456 s in the cyclonically
trapped region. The average residence time in the
lower-level jet is less than 1/2 of those in the trapped
regions, and that in the upper-level jet is less than
1/3. The average residence time in the boundary
layers is one order smaller than that in the four in-
terior regions.

2.5 Transitions between the regions

The number of transitions from one region to an-
other is counted for the total 455 transitions to make
a transition matrix (Table 2). Dominant transitions
whose number exceeds five are also illustrated in
Fig. 13. Transition between regions is not unique
but has a probability distribution, that is to say, the
region transition is not periodic (cyclic) but chaotic.
However, six transitions take place much more fre-
quently than the other transitions, as indicated by
boldface in the table and thick arrows in Fig. 13. A
very frequent route of the transition exists from the
outer boundary layer to the inner boundary layer
via the upper-level jet. The route from the inner
boundary layer is divided into the lower-level jet and
the lower boundary layer, and then confluent to the
outer boundary layer; these six preferred transitions
constitute a cyclic route with a split of the lower-
level jet and the lower boundary layer. An example
of the route, the lower-level jet — the outer bound-
ary layer — the upper-level jet — the inner bound-
ary layer, was already shown in Fig. 10 and that
of the inner boundary layer — the lower boundary
layer — the outer boundary layer in Fig. 12. Sum of
the transitions on this route accounts for more than
3/4 of the total transitions.

As for the transitions concerning the cyclonically
trapped region, transition from the anticyclonically
trapped region as shown in Fig. 11 and that to the
outer boundary layer are most preferred. On the
other hand, two preferred transitions to the anticy-
clonically trapped region are from the outer and the

inner boundary layers, while three preferred tran-
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Table 2. Transition matrix. The number of transition from one region to another is counted for the total

of 455 transitions.

To
l region [UJ [LJ. [CT.[AT. [IB. JO.B. [ LB. [ Sum |
Upper-level jet - 3 5 3 88 2 0 101
Lower-level jet 1 - 4 0 2 57 0 64
From C}fc. trapped 2 .4 - 4 4 8 0 22
Anticyc. trapped 9 10 10 - 2 2 0 33
Inner boundary 0 47 1 12 - 0 36 96
Outer boundary 88 0 0 15 0 - 0 103
Lower boundary 0 0 2 0 0 34 - 36
| Sum [ 100 64] 22 34] 96] 103 36 455 ]
tween two regions in physical space. For example,
38 | Upper-level jet 5 the interface between the upper-level jet and the in-
o1 ner boundary layer is located in the ridge in the up-
per layer, as shown by a cluster of the points of inter-
9 sections in Fig. 8a. The anticyclonically trapped re-
N LA RYTR clonica.ll s N gion has an interface with the outer boundary layer
% 4 ; Y %’. in the upper layer and with the inner boundary layer
> | M trapped-region 5, - in the lower layer, as shown in Fig. 8a and 8e (vice
g 0 § versa for the cyclonically trapped region), because
3 3 the upper and the lower jet streams flow opposite
° Cyclonically R 8 direction of A’ in the co-moving frame.
] . 2
£ trapped-region ,, 3 3. Lagrangian view of the heat transport
10 The total inward heat flux in the present steady
wave solution is 14.6 J/s, which is independent of
™ Lower-level jet - r because of the steadiness. Figure 14 shows the
w | el ¥ 08 zonally-averaged flux vector in the meridional plane:
' total heat flux (a) and three components of that due

36 4
Lower boundary layer

Fig. 13. Frequent routes of the transition
between seven regions. Thick, medium
and thin arrows are indicative of the fre-
quency. .

sitions from the anticyclonically trapped region are
to the upper-level jet, the lower-level jet and the cy-
clonically trapped region. Note that the transitions
to these trapped regions are largely different from
each other; preferred transitions to the cyclonically
trapped region are from the other three interior re-
gions, while those to the anticyclonically trapped
regions are from the two side boundary layers.

The inner boundary layer is only the region for
entry to the lower boundary layer in this 10° s. Most
of the transitions from the lower boundary layer are
to the outer boundary layer but two of those are the
Ekman pumping to the cyclonically trapped region.

Each transition takes place at the interface be-

to thermal diffusion (b), mean meridional circula-
tion (c) and deviatoric (wave) flow (d). In this Eu-
lerian description heat enters in the lower part of the
outer side boundary by diffusion and is transported
inward mainly by the mean meridional circulation.
The deviatoric flow plays a dominant role in the mid-
dle of the annulus. The mean meridional circulation
transports heat near the inner side boundary and
the diffusion is important in the upper part of the
inner side boundary. Note that the mean meridional
circulation transports heat outward in the middle by
indirect circulation, and that the diffusion is negligi-
ble almost everywhere except for the side boundary
layers. The inward heat flux is caused by both in-
ward motion of warm particles and outward motion
of cold particles. Particles are warmed up in the
outer boundary layer and cooled down in the inner
boundary layer. However, details of the tempera-
ture variation following the Lagrangian motion of
particles is not clear.

Figure 15 shows the time variation of the temper-
ature following the particle and its time derivative
(a) along with the radius r and the height z of it (b)
during 25,000 s < ¢t < 32,000 s, which period is a
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Fig. 14. Meridional distributions of heat flux divided by fluid density and specific heat; (a) total ﬂux,.

(b) that due to diffusion (,—rn%, -—rm%), (c) that due to mean meridional circulation (r@(g —0.5),
rw(f — 0.5)), and (d) that due to wave (ru/@, rw'@").

part of that shown in Fig. 9. The trajectories shown
in Figs. 10, 11 and 12 are within this period. Large
changes of temperature occur when the particle is in
the two side boundary layers, which fact means that
the particle largely gets heat in the outer boundary
layer and loses it in the inner boundary layer with
the diabatic vertical motions, as shown in Fig. 5b.
Temperature change is rather small in the other five

regions. The last column of Table 3 shows the net
temperature change (A®) of the particle during its
stay in each region. The absolute values | A® | in
the side boundary layers are more than 0.6, which
are much larger than those in the other regions.

As for the time variations within the upper-level

jet and the lower-level jet, the temperature of the
particle does not change very much during its stay,
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Fig. 15. Time variations of each quantity following the marked particle during 25,000 s < ¢ < 32,000 s:
(a) normalized temperature 6 (solid line) and time-derivative of the temperature D8/Dt (shaded
area), and (b) radius r (solid line) and height 2z (broken line). Thin vertical lines indicate the times
when the radius has a local maximum. Triangle marks at the top and bottom of each figure indicate
the time when the particle approaches the outer and inner boundary most closely, respectively, within
the side boundary layers. Labels 1-4, A-D, and a—-d correspond to the labels in Figs.10, 11 and 12,

respectively.

Table 3. Temperature increase (04) and
decrease (©_) of the particle during any
stay in each region and the net change
(A® = ©4 — ©_), which are averaged
values for the 10° s period.

region|temperature [temperature |Net temperature
increase (@4 )[decrease (O_)|change (AB)

U.J. 0.00 0.04 —0.04

L.J. 0.02 0.04 -0.01

C.T. 0.15 0.03 0.12

AT. 0.04 0.09 —0.04

L.B. 0 . 0.65 —0.65
0O.B. 0.62 0 : 0.62

L.B. 0.08 0 0.08

nor it does not show clear correlation between heat-
ing (cooling) of the particle and its closeness to the
outer (inner) boundary during the meanderings of
the jet (Fig. 15). Conservation of temperature fol-
lowing the particle motion is roughly fulfilled in
the jet regions, because the source and sink term,
namely the thermal diffusion term is significant only
in the side boundary layers. This Lagrangian view

of the heat transport in the steady annulus wave is
largely different from the illustration for the atmo-
spheric Rossby circulation, as shown in Fig. 3.

The inward heat flux in the steady annulus wave
solution can be estimated crudely from the quan-
tities obtained by the Lagrangian description: the
number of region transitions (Table 2) and the tem-
perature change during one stay in each region (Ta-
ble 3). Suppose that a unit volume of the fluid trans-
ports heat pCATAO every S seconds on average,
where p is the fluid density and C is the specific
heat of the fluid, then the total inward heat flux F
is given by

pCATA®
S

if the isolated regions are neglected. Since the par-
ticle makes transitions of the cyclic route shown in
Fig. 13 nearly 90 times during 10° s and its gain of
heat in the outer boundary layer and loss in the in-
ner boundary layer are about 0.6 from Table 3, then
Eq. (8) gives

F= 7(b? — a?)d, (8)
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Fig. 16. Bird’s-eye view of the trajectory (thick line) of a particle in the upper-level jet during 26,932 s
<t < 27,088 s. Thin curved lines indicate an isothermal surface of § = 0.72. The trajectory is
drawn by a solid line when the particle is above the surface and by a broken line when it is below
the surface. Vertical lines are projections of the trajectory onto the isothermal surface every second.

0997 g/em® x 4.18 J/(g - K) x 3 K x 0.6
- 10° 5/90
x {(9.7 cm)? — (4.5 cm)?} x 8 cm

F

=125 J/s, (9).

which is roughly comparable to that obtained by
the exact Eulerian calculation (14.6 J/s). This cor-
respondence is indicative of the appropriateness of
the present Lagrangian description.

4, Discussion

Some isolated regions around the low-pressure
and high-pressure centers were found in the anal-
ysis of particle trajectories, which were shown as
empty regions in the Poincaré sections of Figs. 6,
7 and 8. Exchange of the particle between the iso-
lated regions and others does not take place, even
over a long period. Existence of these isolated re-
gions is basically explained by the two-dimensional
trapping mechanism within the propagating distur-
bances (Flierl, 1981), because the trajectories are
quasi-horizontal. However, different structures be-
tween the isolated regions around the low-pressure
and the high-pressure centers come from the three-
dimensionality of the flow field; difference in a weak
but non-zero vertical velocity field produces the
structural difference between the two. isolated re-
gions.

A projection of trajectories on the meridional
plane (Fig. 5b) shows similar behavior of particles as
in the laboratory experiment (Fig. 2); nearly elliptic
orbits with a tilt of the major axis from upper inside

to lower outside. An example of a particle trajec-
tory in the upper-level jet is shown in Fig. 16 with
a three-dimensional view of an isothermal surface.
As suggested by Sakai (1990), the particle moves
nearly on the surface because of the nearly adia-
batic motion in the interior; it moves inward along
the “trough” of the isothermal surface and outward
along the “ridge” of the surface. As a result, the pro-
jection of the trajectory shows an elliptic “indirect
circulation”. The large meander of the trajectory on
the surface is determined mainly by the horizontal
velocity field as shown in Fig. 4e or, more precisely,
by the conservation of the Ertel’s potential vorticity
following the motion.

To get a gross feature of the chaotic Lagrangian
motion a new approach was introduced by comput-
ing the residence time in each region, into which
the annulus of fluid was divided based on the par-
ticle behavior, and by making a transition matrix
between the regions. A remarkably preferred cyclic-
route of transitions was obtained in the analysis and
inward heat transport was reinterpreted based on
the Lagrangian data. In the preferred route a par-
ticle gets large amount of heat in the outer bound-
ary layer and enters the upper-level jet. It moves
nearly adiabatically in the interior, enters the inner
boundary layer, and releases the heat. It returns to
the outer boundary layer via the lower-level jet or
the lower boundary layer. This picture is consistent
with the “direct one-cell circulation” based on the
Lagrangian description (see e.g., Kida, 1977, 1983),
even though the Lagrangian motion has indirect cir-
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culation within the jet regions as shown in Figs. 2
and 16. In the jet regions, particles move nearly adi-
abatically in contrast with the illustration in Fig. 3
for the general circulation of the atmosphere.

In this study particle trajectories were computed
for a very long period. The obtained trajectory is
sensitive to the initial condition, the time integra-
tion scheme, or the time interval for the integration
because of the chaotic nature of the trajectory in the
present solution. However, the general structure of
the ordered and chaotic regions and the gross fea-
ture of the regime transitions are not very sensitive
to those mentioned above. For example, if another
initial condition is adopted for the tracer particle,
elements of the transition matrix are not identical
to those listed in Table 2 but the gross feature of
the regime transitions is not very different from that
summarized in Fig. 13.

We considered an idealized particle of which mo-
tion is governed by the deterministic equation (2).
Most of the studies on “chaotic advection” or “La-
grangian turbulence” have been done under this as-
sumption. A possible realization of the particle in
laboratory experiments is the small tracer particles
used by Solomon et al. (1993), which are small
enough (approximately lmm in size) to ensure that
they follow the flow faithfully. However, Eq. (2)
may not be very appropriate when we investigate
the diffusion of dye locally injected in laboratory ex-
periments, an. example of which is that on vortices
and Rossby waves in eastward and westward jets by
Sommeria et al. (1988, 1989, 1991). It is neccesary
to consider the random processes due to molecular
motions explicitly by introducing a stochastic forc-
ing term. Such a stochastic forcing has been used

.in long-range atmospheric transport models for the
effect of “eddy diffusion” (e.g., Takasugi and Naka-
mura, 1988; Sullivan et al., 1993).

5. Conclusions

Lagrangian motion of a tracer particle was nu-
merically investigated for a steady wave solution in
a rotating annulus fluid. Trajectory of the parti-
cle was traced for a long period of 5 x 10° s in the
co-moving frame with the steady wave. The tra-
jectory shows a chaotic nature (Fig. 5) even though
the Eulerian flow field is regular (Fig. 4). The three-
dimensional structure of the chaotic trajectory was
obtained with several Poincaré sections (Figs. 6-8),
which show some typical organized behavior, de-
pending on the particle position in the annulus. The
annulus of fluid can be divided into the following
regions based on the particle behavior: the upper-
level jet, the lower-level jet, the cyclonically trapped
region, the anticyclonically trapped region, the in-
ner boundary layer, the outer boundary layer, and
the lower boundary layer. A large isolated region
in which the marked particle had never stayed was
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also found inside the cyclonically trapped region,
and some other isolated regions were found around
the anticyclonically trapped region. The upper-level
jet is an untrapped region, where the particle moves
eastward with large meander and drifts inward grad-
ually every meander. The lower-level jet is another
untrapped region, where the particle moves west-
ward relative to the wave and drifts outward. On
the other hand, in the cyclonically trapped region
and anticyclonically trapped region, the particle spi-
rals up and down around the center of low-pressure
and that of high-pressure, respectively. Vertical
Poincaré sections clearly show that these trapped
regions are “ordered” regions of the points of inter-
sections in contrast to other “chaotic” regions. Any
particle which is initially placed in the isolated re-
gions has a quasi-periodic orbit on a torus.

The number of dwell periods and the average time
of the stay of the particle in each region were com-
puted with the trajectory data of the initial 10% s
period (Table 1), and the number of transitions from
one region to another was counted for the total of
455 transitions (Table 2). Transition between the
regions has a probability distribution (namely, the
transition matrix) because of the chaotic nature of
the trajectory. However, a cyclic route of the tran-
sitions, which partly branches out into two, was
found to be remarkably preferred: the ocuter bound-
ary layer — the upper-level jet — the inner bound-
ary layer — the lower-level jet or the lower boundary
layer — the outer boundary layer. '

The temperature change of the same particle was
computed for a long time period. The particle ab-
sorbs a large amount of heat in the outer boundary
layer through diabatic upward motion and releases
a large quantity of heat in the inner boundary layer
through diabatic downward motion. Temperature is
nearly conserved following the particle motion in the
other regions (Table 3). Since there is not a signif-
icant correlation between the temperature change
and radial movement in either of the jet regions,
little heat is transported in any one cycle of the
meander of the jets. A crude estimation of the in-
ward heat flux using the frequency of the transitions
between the side boundary layers and temperature
change in the layers gives a value comparable to the
exact Fulerian calculation, which fact is indicative
of the appropriateness of the present Lagrangian de-
scription.
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