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Abstract

Some of the rotating annulus experiments with radial differential heating show stepwise transitions
of flow régimes from steady axi-symmetric flow to vacillation via a steady wave régime as the rotation
rate increases. The stepwise régime transitions are investigated numerically with a semi-spectral model
of a three-dimensional Boussinesq fluid, and the results are interpreted with bifurcation theories. The

- transition between axi-symmetric flow and a steady wave régime is characterized by hysteresis; the
criterion for the disappearance of an established steady wave differs from the criterion for the onset
of the steady wave. The branch of the steady wave solution does not bifurcate from that of the
axi-symmetric flow at the point where the axi-symmetric flow becomes unstable. Instead, the steady
wave branch has another type of critical point (interpreted as a “limit point”) at which it disappears.
The transition from steady wave to tilted-trough vacillation is interpreted as a Hopf bifurcation; a
periodically fluctuating solution bifurcates from the steady wave branch when the steady wave solution

loses its stability.

1. Introduction

Hydrodynamic instabilities and the correspond-
ing transitions of flow régimes have been one of
the interesting subjects in contemporary fluid dy-
namics (e.g. Swinney and Gollub, 1981). When an
experimental parameter is changed gradually, step-
wise transitions from a steady symmetric flow to
irregular turbulent flow are observed in some ex-
periments such as the Rayleigh-Bénard convection
and the Taylor-Couette flow. Modern technology
in laboratory experiments and advanced computing
facilities for numerical experiments have improved
our understanding of the transitions of flow régimes.
Moreover, bifurcation theories and chaos theories
have given fundamental concepts of the transitions
of flow régimes.

Some of the rotating annulus experiments with ra-
dial differential heating, which contain the basic dy-
namics of the general circulation of the atmosphere,
show similar stepwise transitions from steady axi-
symmetric flow to irregular turbulent flow via steady
wave and vacillation régimes (see e.g. Hide and Ma-
son, 1975). A régime diagram obtained by Fowlis
and Hide (1965) is shown in Fig. 1 together with re-
cent results by Tamaki and Ukaji (1985; hereafter
referred to as TU85) and Ukaji and Tamaki (1989,
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1990; hereafter UT89 and UT90, respectively). The
flow régimes are mainly dependent on two non-
dimensional parameters of the Taylor number, Ta
(the abscissa) and the thermal Rossby number, Ror
(the ordinate). If the rotation rate {2 of the annu-
lus is increased gradually with a constant temper-
ature difference AT between the outer and inner
walls, say AT=3K indicated by a straight line in
Fig. 1, a sequence of régime transitions are obtained
from steady axi-symmetric flow to irregular flow. In
some laboratory experiments (e.g. Fultz et al., 1959;
TUS85; Hignett, 1985), hysteresis is observed at the
transition from the axi-symmetric to wave régime
and in the wave régime; two or more stable states
may exist for the same experimental parameters de-
pending on the initial conditions. In addition, a new
class of amplitude vacillations, which are adjacent to
a transition to the next lowest wavenumber as shown
in Fig. 1 with AT=8K, are also obtained by TU85
and by Hignett (1985).

The transition from axi-symmetric flow to a
wave régime was firstly investigated by Lorenz

(1962) with a low-order model of a two-layer quasi-’

geostrophic fluid system. He analyzed a set of non-
linear ordinary differential equations with 8 depen-
dent variables obtained by means of highly trun-
cated Fourier-Bessel series. He proved with the sim-
plified model that the steady axi-symmetric flow is
always possible in a mathematical sense but unsta-
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Fig. 1. Régime diagram obtained by Fowlis and Hide (1965), together with the results by Tamaki and Ukaji
(1985) and Ukaji and Tamaki (1989, 1990) along two diagonal lines of constant temperature difference
AT=3K and 8 K. Dots denote axi-symmetric flow, m-S a steady wave of the dominant wavenumber
m, and m-V vacillation of the dominant wavenumber m.

ble with respect to wave disturbance for certain com-
binations of T'a and Ror, that is, the inside of an
anvil-shaped curve in the régime diagram. The tran-
sition occurs as a manifestation of baroclinic insta-
bility of the axi-symmetric flow. Moreover, hystere-
sis in the upper transition for large T'a is obtained in
his low-order model in agreement with the labora-
tory experiments by Fultz et al. (1959): the criterion
for the disappearance of an established steady wave
differs from the criterion for the onset of the steady
wave. Matsuda and Yoden (1985) illustrated a bi-
furcation diagram for the hysteresis based on these
results. :

Lorenz (1963) modified the model to explore fur-
ther transitions of régimes. The geometry of the
cylindrical annulus was changed to an infinite chan-
nel with a double-Fourier series and the second lat-
eral mode was retained to get a non-linear system of
14 variables. Numerical solutions of vacillations and
irregular flows were obtained by time integrations,
in addition to analytic solutions of axi-symmetric

flows and steady waves. Extension of this Lorenz

model was done by Quinet (1973a, b) and Yoden
(1979) with the inclusion of some higher modes to
investigate the structure of non-linear processes in
the flow régime transitions further. Detailed analy-
sis of the régime transitions in the Lorenz model was

done by Ghil and Childress (1987) with bifurcation
theory. Figure 2 is a bifurcation diagram showing
the dependence of solutions on the external param-
eter k™! that is regarded as a rotation rate. As k™!
is increased in the diagram, the axi-symmetric flow
(denoted by H) loses its stability at the point A
and a steady wave solution of the first mode (R;)
bifurcates from the point. At the point B the wave
solution R; becomes unstable and two steady-wave
branches of R}, and RY, bifurcate. Solutions R},
and Ry, differ from each other only in the sign of the
second lateral mode, owing to the spatial symme-
try of the mode (Yoden, 1985). A Hopf bifurcation
takes place at D’ (D”) and a stable periodic solu-
tion UV’ (UV") appears, which is a class of tilted-
trough vacillation. Finally, non-periodic chaotie so-
lutions (T') appear after some further bifurcations.
The sequence of bifurcations leads to solutions of
increasing spatial and temporal complexity, as the
simpler solutions lose their stability. A general the-
ory of the symmetry-breaking in spatial structures
at bifurcation points was given by Matsuda (1983).
Stepwise transitions from steady axi-symmetric
flow to irregular turbulent flow with increasing com-
plexity of flow patterns are qualitatively illustrated
in the Lorenz model. Detailed analysis of the
model is possible because its dependent variables
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Fig. 2. Bifurcation diagram for the Lorenz (1963) model drawn by Ghil and Childress (1987). The solid
line is a branch of the stable solution, the dashed line that of an unstable one. The abscissa is a
bifurcation parameter proportional to the rotation rate. See text for details.

are of the order of O (10) owing to the severe trun-
cation. However, several crude assumptions (ap-
proximations) were also made to obtain the model:
quasi-geostrophy, a two-layer system, Ekman fric-
tion, non-existence of lateral boundary layers, and
so on.

A quite different approach in numerical stud-
ies on the rotating annulus flows originated from
Williams (1967a, 1967b, 1969). He solved two- or
three-dimensional Navier-Stokes equations numeri-
cally without many approximations. Advances in
computing facilities over these years have made it
possible to compare numerical simulations directly
with laboratory measurements (e.g. Hignett et al.,
1985; UT89; UT90; Sugata and Yoden, 1991). Re-
cently, Miller and Butler (1991) investigated the hys-
teresis in the transition between axi-symmetric flow
and the steady wave régime with a semi-spectral
model of Boussinesq fluid. They obtained the hys-
teresis for large AT only in the case of a free surface,
which result was consistent with the laboratory ex-
periment by Fein (1973). The spatial structure of
the flow field and energetics in the hysteresis were
also diagnosed carefully with the three-dimensional
data obtained. Investigation of further transitions
of flow régimes was left for future study.

In this study, we develop a similar semi-spectral
model without many approximations to investigate
the stepwise transitions of flow régimes in the rotat-
ing annulus experiments. The transition to tilted-
trough vacillation is clarified as well as the transi-
tion between axi-symmetric flow and steady wave
régime. Our model is similar to that introduced by
Miller and Butler (1991) but includes wave-wave in-
teractions with the first harmonics. However, the
present semi-spectral model has limitations for the
study of some vacillations in which side-bands of the
dominant wave may play an important role (e.g. Pf-
effer et al., 1980). Numerical results are interpreted
with bifurcation theories.

2. The model

We consider water contained between two coaxial
cylinders of inner and outer radii a and b, respec-
tively, and two parallel horizontal planes of depth
H. The dimensions are a=4.5cm, b=9.7cm and
H=8.0cm, which are the same as those in TUS&b,
UT89 and UT90. The top surface is assumed to
be a free-slip surface at z=H with no undulation.
The other three bonding surfaces are rigid. The in-
ner and outer walls are held at different constant
temperatures, T, and T} (T, <T}), to maintain the
difference AT. The top and bottom boundaries are
thermally insulating. The container rotates at a con-
stant rate 2. Controllable experimental parameters
are AT and 2.

The governing equations under the Boussinesq ap-
proximation are:

2
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Fig. 3. Dependence of total inward heat flux Q (or, the Nusselt number Nu) on the rotation rate 2. Symbol
e—e is for the present model; o, laboratory experiment by Ukaji and Tamaki (1989); O, numerical
simulation by them. In the vacillation régime the variable range and time average are plotted. The
amplitude of the vacillation obtained by Ukaji and Tamaki is overestimated because it is taken from

limited plots in their figure.

uT+E+U—)‘+wz:O, (5)
roor

where (r, A, z) are cylindrical coordinates, and ¢
time. The corresponding velocity components are
(u, v, w). Dimensionless temperature § is defined
as 0=(T — T,)/AT. Density is denoted by p, and
p is pressure divided by the mean density py. The
viscosity term is not the conventional form in order
to avoid a round-off error in computation (Williams,
1969). Physical parameters of water are assumed to
be constant at the mean temperature 26.5°C: the
kinematic viscosity, v=8.65x10"3 cm? s~!; the dif-
fusivity of heat, k=1.45x10"3 cm?s~!; the coeffi-
cient of volume expansion, a=2.71x10"4 K1

In order to get a semi-spectral form of the equa-
tions, we decompose each dependent variable into
the axisymmetric part and wave parts as follows:

N
:c(T, )\a z, t) = X(T‘, zZ, t) + Z Re [l'n(T', z, t)e’imn)\]

e (6)

where z denotes u, v, w, @ or p. Here periodic-
ity in the azimuthal direction is assumed with AA=
27 /m, and z,, (r, z, t) is the complex amplitude of a
dominant wave (n=1) and its higher harmonics (n
=2,3,---). Substituting these expressions into (1)-
(5) and making a finite difference approximation in
r, z and ¢, we obtain a semi-spectral form of the gov-
erning equations. The same finite difference method
as in Williams (1969) is adopted. The grid resolu-
tion is determined after a convergence test of the
solutions; 64 (r-direction) x 64 (z-direction) and At
=2.5x10"2s.

The assumption of the azimuthal periodicity is
validated with the laboratory experiment by TUS85;

their careful measurement with a precise apparatus
showed that the amplitudes of the side-bands and
the longest wave are of the order of 1% of the to-
tal temperature variation (~the dominant wave -+
its higher harmonics) not only in steady wave régime
but in vacillation. Moreover, both the laboratory
experiment (TU85) and the numerical experiment
(UT90) showed that the amplitude of the higher
harmonics decreases exponentially with n; the first
harmonic is less than 20 % of the dominant wave
and the second harmonic is less than 10 %. Based
on this fact, we retain only a few wave components
and truncate at N=2 for computational efficiency
unless otherwise mentioned. The severe truncation
in the azimuthal direction limits the application of
the model to irregular turbulent flow. However, the
model shows good performance in the steady wave
and vacillation régimes if we compare our result with
the laboratory and numerical experiments by UT89
and UTI0.

A renormalization technique to keep the tempera-
ture field as 0<6 <1 is adopted following Miller and
Butler (1991). If we truncate at N =1, the model
is basically the same as theirs except for the grid
resolution and spacing. A two-dimensional model
developed by Sugata and Yoden (1992) is used to
obtain axi-symmetric flows, and a linearized model
by Sugata and Yoden (1991) is also used for the lin-
ear stability analysis of the obtained axi-symmetric
flow.

Regime transitions are investigated along the line
of AT=3K in Fig. 1; the temperature difference is
the same as that imposed by UT89 and UT90 in
their laboratory experiment and numerical simula-
tion. The semi-spectral model is integrated for 20
minutes in physical time from an initial condition
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which is the flow obtained at slightly different (2. If
the obtained flow is not converged sufficiently to a
steady or a vacillating state, additional time inte-
gration is done for 20 minutes more. The dominant
wavenumber is fixed at m=>5 from the observation
in their laboratory experiment.

3. Results

Figure 3 shows the dependence of the flow régime
on the rotation rate {2 obtained with the present
semi-spectral model (dots), together with the re-
sults in laboratory experiment (open circles) and
in numerical simulation (open squares) obtained
by UT89. The ordinate is the inward heat flux
(scale of the left side), or the Nusselt number (scale
of the right side). For small {2, only the axi-
symmetric steady flow is obtained; the heat flux de-
creases monotonously with increasing 2. The axi-
symmetric flow becomes unstable at 2=0.53rad/s,
and a three-dimensional steady wave solution is ob-
tained in time-integrations. The heat flux increases
from 5.5 J/s to 14.8 J/s at this transition.

Branching of steady wave solutions was explored
with changing the external parameter {2. If 2 is de-
creases, the régime transition from the steady wave
solution to axi-symmetric flow takes place at 2=
0.45rad/s. Therefore the present model has hys-
teresis between 2=0.45rad/s and 0.53rad/s; two
stable solutions are obtained for the same external
conditions depending on the initial condition. The
numerical simulation by UT89 shows similar hys-
teresis although their laboratory experiment does
not show it explicitly.

If 2 is increased, the steady wave solution be-
comes unstable at £2=1.12rad/s, and vacillation so-
lutions are obtained for higher rotation rates than
that. The heat flux fluctuates purely periodically
in the vacillation régime and its variable range and
time mean are shown in Fig. 3. The variable range of
the heat flux fluctuation increases with increasing £2.
A single numerical simulation of the vacillation at {2
=1.2rad/s by UT90 has comparable fluctuation of
the heat flux. (They did not show the heat flux in
the laboratory experiment for this vacillation.)

The spatial structure of steady wave solutions
resembles qualitatively that obtained by Williams
(1971, 1972) with different experimental parameters
and different grid resolutions, and resembles quanti-
tatively that obtained by UT89 with the same exper-
imental parameters but a different model. Only the
streamfunction of the deviatoric horizontal velocity
field is shown in Fig. 4 for the steady wave solution
at £2=0.45rad/s, which is very close to the critical
value for the transition. The streamfunction field
shows a typical pattern of baroclinic annulus waves;
for example, westward tilt of the minimum (maxi-
mum) phase with height. The higher harmonic of
n=2 is not negligible, particularly in middle and
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Fig. 4. The streamfunction for the deviatoric
horizontal velocity field at three levels.
2=0.45rad/s. Positive regions indicate
clockwise circulation. The unit is cm?/s.

upper layers; cyclonic circulation is more intensive
than anti-cyclonic circulation and the azimuthal ex-
tent of the former is narrower. Tilts of the phase
lines in a radial direction indicate non-separable na-
ture in the instability of baroclinic axi-symmetric
flow with lateral shear.

In order to investigate the flow régime transitions
in the present model further, we take notice of the
spatial symmetry of the flow field. The flow field
is expanded in an appropriate orthogonal functions,
using a Fourier-Bessel series for the present annu-
lar geometry, for comparison with Lorenz’s results
(1962, 1963). The radial structure of some of the
lowest modes for the streamfunction is shown in Fig.
5: axisymmetric components (a), wave components
for the dominant wave (b), and for the first higher
harmonic (c).

Figure 6 shows the amplitude of these components
for the streamfunction at the mid-depth for each
2. The dominant wave has the same order of am-
plitudes as the axi-symmetric components, but the
first higher harmonic is one order smaller than the
dominant wave. The first radial mode in each com-
ponent has the largest amplitude and other modes
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Fig. 5. Radial structure of four lowest modes of the orthogonal functions (Fourier-Bessel functions). (a)
the axi-symmetric part, (b) the dominant wave of m=5, and (c) its first higher harmonic (mn=10).

have small but non-zero amplitudes: Note that all
of the solutions we obtained have both odd and even
radial modes, in contrast to Lorenz’s (1963) result.
A steady wave solution with only odd radial mode(s)
(R; in Fig.2) can exist as well as that with both
modes (R;2) in the Lorenz model. Near the transi-
tion point 2=0.45rad/s, each amplitude varies as
av/2+b (a and b are constants), which dependence
on {2 reminds us of the limit point of steady solutions
(Matsuda, 1983). Moreover, the regime transition
from steady wave to vacillation has basic character-
istics of Hopf bifurcation; bifurcation of a periodic
solution from a steady solution as the latter loses its
stability.

The phase relation between any two modes in vac-
illation is well described by a trajectory projected
onto a plane in phase space, which presentation
was originally introduced by Lorenz (1963). Fig-
ure 7 shows the periodic trajectory of vacillations
for £2=1.14-1.3 rad/s projected onto xo — . plane
where Yo and 1. have similar definitions to these of
Lorenz (1963): ko is the amplitude of the first mode
of the dominant wave and 1. that of the second

axi-symmetric mode. Clearly it is an unsymmetric
vacillation (UV) in Lorenz’s classification because
of the asymmetry of the trajectory with respect to
1.=0. The present model does not have any corre-
spondence to the pairing of unsymmetric vacillations
with opposite sign of even modes obtained in the
Lorenz model (1963) (UV’ and UV” in Fig. 2); only
one unsymmetric vacillation is obtained for a given
external parameter. Nearly elliptic trajectories in-
dicate that the fluctuation of 1o leads slightly that
of 9 for 2<1.2rad/s, while it lags slightly for 2=
1.25 and 1.3rad/s.

The period of the vacillation is 50s at 2=1.14
rad/s, and increases slightly up to 56s at 2=1.3
rad/s. The period is a half of that obtained by
UT90; their result is suggestive of a period-doubling
(sub-harmonic) bifurcation of the vacillation solu-
tion with the same period of 50s. We did not ob-
tain any example of such a period doubling nor a
non-periodic (chaotic) solution for £2<1.3rad/s.

4. Discussion

The régime transitions from steady axi-symmetric
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Fig. 6. The amplitude of each mode of the streamfunction for the horizontal velocity at the mid-depth.
(a) the axi-symmetric part, (b) the dominant wave of m=5, and (c) its first higher harmonic (mn=

10).

flow to vacillation obtained in this study are sum-
marized in a schematic bifurcation diagram (Fig. 8).
A two-dimensional axi-symmetric solution (denoted
by H) is obtained for any 2 as in Sugata and Yo-
den (1992), but it becomes unstable at a certain
value of £2 (the point A). An exponentially grow-
ing perturbation is obtained by time integrations of
the linearized model with respect to the basic axi-
symmetric flow. The streamfunction of the hori-
zontal velocity of the growing perturbation near the
transition point A is shown in Fig.9. The spatial
pattern of the perturbation differs qualitatively from
that of the steady wave solutions (Rj5">™) as shown
in Fig. 4, particularly in lower layers. Here, the sub-
script 12 of R{'é"'%” stands on both odd and even
radial modes, and the superscript m+2m stands on

both the dominant wave and its higher harmonics.
Note that the basic flow is stable for other wave per-
turbations except for the wavenumber 5. Non-linear
time-integrations of the present model from an ini-
tial condition of the unstable basic axi-symmetric
flow with the growing perturbation show attraction
to the steady wave solution R75">™. No stable so-
lution similar to the growing linear perturbation is
obtained. Therefore it is concluded from the bifur-
cation theory (Matsuda, 1983) that this is a subcrit-
ical bifurcation of an unstable steady wave solution
at the point A as denoted by a dashed line RTj.
The steady wave solution (R7%"2™) disappears at
another transition point B, which is classified as a
limit point from Figs.3 and 6. Hysteresis is real-

ized by the coexistence of the subcritical bifurcation
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Fig. 7. Trajectories of vacillation projected
onto a 1io0 — . plane (see text) for six ro-
tation rates 2=1.14-1.3rad/s. The dot
indicates a stable steady wave solution
near the critical point 2=1.12rad/s.
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Fig. 8. Bifurcation diagram for the present re-
sult. The solid line is a branch of stable so-
lutions, dashed line that of unstable ones.
See text for details.

point A and the limit point B. The unstable branch
of the steady wave from the point B may not be di-
rectly connected with the unstable branch R} be-
cause of the existence of the higher harmonics. How-
ever, it is practically impossible to search for the
unstable solutions computationally as in the Lorenz
model, because the present model is a huge non-
linear system with degree of freedom of O(10%).
We did not obtain any steady wave solution which
consists of only odd radial modes, in contrast to
that in the Lorenz (1963) model (R; in Fig. 2). The
reason is the difference in the symmetry group of
the orthogonal functions. Lorenz (1963) assumed

Vol. 71, No. 4

2n/5

Fig. 9. Asin Fig. 4, except for the most unsta-
ble wave perturbation obtained in the lin-
ear stability analysis of the axi-symmetric
flow at £2=0.54rad/s. The contour inter-
vals are the same among the three figures.

an infinite channel to expand the field variables in
a double-Fourier series, which are divided into two
symmetric groups depending on the lateral structure
of each mode; symmetric and anti-symmetric groups
with respect to the center of the channel (see Yo-
den, 1985). The symmetric group constitutes a sub-
system of the system, setting the anti-symmetric
group to be zero. However, the present model does
not have such a sub-system because of the spatial
structure of the Fourier-Bessel series (Fig. 5). There-
fore any steady solution in which some modes are
equal to zero was not obtained. In other words, the
stepwise transition from the symmetric steady wave
solution (R;) to the mixed wave solutions (R}, and

1) in the Lorenz model is a spurious result due to
the assumption of an infinite channel; such a tran-
sition is not possible in the annular geometry.

A vacillation solution bifurcates at the point C
in Fig. 8, which is a counterpart of the point D’
(D") in Fig.2. The steady wave solution RJ3™>™
becomes unstable at that point indicating a Hopf bi-
furcation. A period-doubling bifurcation nor other
transition routes to non-periodic solutions were not
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Fig. 10. As in Fig. 3, exceptb that the symbol A---A is for another truncation N=1.

obtained for 2<1.3rad/s. If the rotation rate is
increased further, such transitions to an irregular
régime might be obtained in the present model, even
though the assumption of azimuthal periodicity may
not be very appropriate.

To investigate the role of the first higher harmon-
ics in the transitions of flow régimes, another model
with more severe truncation of N =1 is used, which
is basically the same as that used by Miller and
Butler (1991). Figure 10 is a comparison of the in-
ward heat flux for the two results obtained from N
=1 (dashed line) and N =2 (solid line) truncations.
Both of the hysteresis between the axi-symmetric
and steady wave régimes and bifurcation of vacilla-
tion from the steady wave branch are obtained, even
in the truncation of N =1. The first higher harmonic
is not necessary for a qualitative understanding of
the transitions from axi-symmetric flow to vacilla-
tion, although it is not negligible for quantitative
arguments. The spatial structure obtained in these
two models is compared with those obtained in the
fully three-dimensional model and in the laboratory
experiment by UT90. Figure 11 shows an azimuthal
vertical cross section of the deviatoric temperature
at the mean radius of the annulus for the steady
wave at 2=0.6rad/s. The N=2 model (a) gives a
very similar result as the full model (c) and the lab-
oratory experiment (d). However, the N =1 model
(b) with no higher harmonics has some differences,
particularly in the upper layers.

Similar numerical studies were done along the line
of AT=8K in Fig. 1, and qualitatively similar re-
sults to those for AT =3 K were obtained. Any am-
plitude vacillation adjacent to a transition to the
steady axi-symmetric flow, which is observed in the
laboratory experiments (Fig. 1), is not obtained in
the present model. It is conjectured from bifurcation
theories that the sudden disappearance of the vacil-

lation comes from a limit point of a pair of periodic
solution (vacillation) branches (see Fig. 1 in Yoden,
1987), but a more sophisticated model is necessary
to obtain such a régime transition.

5. Conclusion

Stepwise transitions in flow régimes observed in
some of the rotating annulus experiments with radial
differential heating were investigated numerically
with a semi-spectral model of a three-dimensional
Navier-Stokes equation with a Boussinesq approxi-
mation, and the results were interpreted with bifur-
cation theories. Experimental conditions are iden-
tical to the laboratory experiments by Tamaki and
Ukaji (1985) and Ukaji and Tamaki (1989, 1990).
The rotation rate {2 is changed as a bifurcation pa-
rameter with other conditions fixed. A schematic
bifurcation diagram shown in Fig. 8 is obtained as
a summary of our results. Steady, two-dimensional
axi-symmetric flow (denoted by H) exists for any
£2, but it becomes unstable at a critical value of (2
(the point A) with respect to a wave perturbation.
However, this is a sub-critical bifurcation because
no stable steady wave solution similar to the lin-
ear growing-mode is obtained near the bifurcation
point. Instead, a finite-amplitude steady wave so-
lution (R73*2™) is obtained in time-integrations at
the bifurcation point, the spatial structure of which
is different from the linear mode. The steady wave
solution disappears at another critical point B at
a smaller 2 than the bifurcation point. That is,
hysteresis exists between these two critical points;
the sub-critical bifurcation point (A) and the limit
point (B). As {2 is increased, the steady wave solu-
tion becomes unstable at the point C in Fig. 8 with
respect to a perturbation which fluctuates purely pe-
riodically. Periodic solutions well known as a tilted-
trough vacililation are obtained for larger {2 than this
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Fig. 11. Azimuthal-vertical cross sections of deviatoric temperature at the mid-radius for 2=0.6 rad/s:
(a) the present model of N =2, (b) that of N=1, (c) the numerical model by Ukaji and Tamaki (1989),
and (d) the laboratory experiment by them. The unit is K.

critical value. This is interpreted as a Hopf bifurca-
tion from the trajectories shown in Fig. 7.

Contrary to the Lorenz (1963) model of a low-
order system, bifurcation in the steady wave branch
is not obtained in the present model. The spuri-
ous bifurcation in the Lorenz model (the point B
in Fig.2) arises from the spatial symmetry of the
flow domain. In the geometry of an infinite channel
assumed by Lorenz (1963), a group of symmetric
components with respect to the mid-channel consti-
tutes a sub-system of the low-order system, and a
symmetry-breaking bifurcation takes place with re-
spect to anti-symmetric components. However, such
a sub-system does not exist for the present annu-
lar geometry, because of the characteristics of the
Fourier-Bessel series (Fig. 5) which is the appropri-
ate orthogonal function for this geometry.

Analysis of transitions from vacillation to the ir-
regular régime remains as our future study, for which
a full three-dimensional numerical model is neces-
sary.
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