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The datasets on the forced two-dimensional turbulence on a rotating sphere obtained in our recent
direct numerical simulations were analyzed to study the spectral anisotropy due to the rotation of the
sphere. The results were also compared with those previously obtained in someb-plane experiments
to assess theb-plane approximation of the rotating sphere. Owing to the effect of rotation the
upward energy cascade ceases around a characteristic total wavenumbernb at which the linear
‘‘ b-term’’ is comparable to the nonlinear Jacobian term. The energy density of zonal components
(m50) is dominant in the range ofn&nb while the energy is very small in an airfoil-shaped region
at the lower edge in the wavenumber space (m,n). Anisotropic distribution of the energy is also
found in the high wavenumber regionn*nb ; the energy density decreases as the zonal
wavenumberm increases. The flow field in the spherical geometry is projected on some tangential
planes from the equator to the poles to compare the spherical results directory with previousb-plane
experiments. The energy distribution becomes anisotropic to have dominant zonal components as
the local ‘‘b-effect’’ increases~or the tangential plane is put closer to the equator!. In the case on
equatorial tangential planes, the region in which the energy density is very small shows a dumbbell
shape indicating strong anisotropy; this is the first confirmation of the recent finding by Vallis and
Maltrud in full spherical geometry. ©1997 American Institute of Physics.
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I. INTRODUCTION

As a geophysical application of the two-dimension
~2D! turbulence theory,1–3 Rhines4 first studied on the decay
ing 2D turbulence on ab-plane. He showed that the rever
energy cascade is arrested roughly at a characteristic w
numberkb5Ab/2U, whereU is the r.m.s. velocity andb
the meridional gradient of the Coriolis parameterf . He also
pointed out the emergence of a zonal band structure du
theb-effect. On the subject of the spectral anisotropy, Va
and Maltrud5 ~hereafter referred to as VM! recently proposed
a couple of transition curves from turbulent motion to wav
like behavior; one of them is the ‘‘wave-turbulence boun
ary’’ obtained by equating the reciprocal of the eddy tu
over time with the Rossby wave frequency. The curve of t
boundary exhibits a characteristic dumbbell shape in the
wavenumber space (k,l ), and the 2D energy spectral densi
in their experiments with high-wavenumber forcing6 shows a
qualitatively similar dumbbell shape. In addition to the
studies, some numerical experiments on the 2D turbule
on ab-plane have been done to investigate the effect of
rotation of planets.7–9

The b-plane is an approximation of a longitudinal ban
of the rotating sphere. The latitudinal variation ofb arising
from the sphericity is set to zero, and usually infiniteness
the domain is assumed by using a cyclic boundary condit

As for the spherical geometry, Nozawa and Yoden10 ~re-
ferred to as NY! did numerical experiments on the forced 2
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turbulence on a rotating sphere aiming at a methodical sw
in parameter space; the sensitivity of pattern formation to
rotation rate and the forcing wavenumber was investiga
A zonal band structure which consists of alternating east
and westerly jets emerges owing to the effect of rotation
in Williams.11 When the forcing wavenumber is small an
the rotation rate is large, the band structure is confined
high latitudes as in the decaying case.12 In these studies in
the spherical geometry, however, the spectral anisotropy
not been investigated very much.

In this paper, by using the datasets obtained in NY,
examine the spectral anisotropy in the forced 2D turbule
on a rotating sphere and assess the validity of the prev
results obtained in theb-plane studies. Taking advantage
the high-resolution numerical model, the 2D energy dens
is also calculated for a square region of the flow fields t
are orthographically projected on some tangential plane
different latitudes. The validity of theb-plane studies is as
sessed by comparing the 2D energy density on the tange
plane to that obtained in VM. Although a large part of th
results here has already been reported in theb-plane studies,
this is the first attempt to validate the nature of theb-plane
2D turbulence by the direct numerical simulation in a fu
spherical geometry. The numerical experiment is descri
in section II, and results are given in section III. A discussi
is given in section IV, and conclusions are in section V.

II. NUMERICAL EXPERIMENT

The governing equation used in NY is the vorticity equ
tion for 2D nondivergent flow on a rotating sphere:

rch
/9(12)/3834/9/$10.00 © 1997 American Institute of Physics
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J~c,z!1

2V

a2

]c

]l
5F1nS ¹21

2

a2D z, ~1!

wherec(l,m,t) is a streamfunction field,z(l,m,t)5¹2c:
vorticity, l: longitude,m: sine latitude,t: time, ¹2: horizon-
tal Laplacian,J(c,z): horizontal Jacobian,a: radius of the
sphere,V: rotation rate of the sphere,n: kinematic viscosity
coefficient, andF(l,m,t): vorticity forcing function. The ra-
dius and the rotation rate of the sphere are set to thos
Jupiter, and the timet is measured by the Jovian day. Th
forcing F is a random stirring at a narrow wavenumber ran
of nf2Dn<n<nf1Dn with Dn52. Equation~1! was inte-
grated using a pseudospectral method with a triangular t
cation ofN5199; grid points for the spectral transformatio

TABLE I. Summary of experiments. The column headings are given in
text.

Series Run # nf V/VJ Group
Ū

~ms21) nb

kb

wc50° wc5645°

1 0.00 A 66.9 ••• ••• •••
2 0.25 B 65.1 7.23 1.170 0.961

I 3 20 0.50 B 63.9 10.32 1.949 1.307
4 1.00 C 56.5 15.53 3.198 1.971
5 2.00 C 40.0 26.09 5.310 3.654
6 4.00 C 27.3 44.69 9.839 6.777

7 0.00 A 67.1 ••• ••• •••
8 0.25 B 68.0 7.07 1.236 0.938

II 9 40 0.50 B 67.0 10.08 1.926 1.298
10 1.00 B 63.3 14.66 2.485 1.903
11 2.00 B 59.9 21.32 3.898 2.751
12 4.00 C 43.2 35.51 7.688 4.465

13 0.00 A 67.0 ••• ••• •••
14 0.25 B 68.6 7.04 1.222 0.925

III 15 79 0.50 B 68.0 10.00 1.750 1.306
16 1.00 B 68.5 14.09 2.676 1.941
17 2.00 B 62.9 20.81 3.472 2.793
18 4.00 B 55.9 31.20 5.143 4.138
Phys. Fluids, Vol. 9, No. 12, December 1997
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are 600~longitude! 3 300 ~latitude!. Time integrations were
done for 1000 J.days from an initial condition of zero velo
ity field ~see NY for details!.

Table I gives a summary of the eighteen experime
done in NY. For the series I, II, and III experiments, th
forcing wavenumber is chosen asnf520, 40, and 79, respec
tively. For each forcing wavenumber, six values of the ro
tion rate are chosen:V/VJ50.00, 0.25, 0.50, 1.00, 2.00, an
4.00, whereVJ is the rotation rate of Jupiter. Based on th
obtained zonal band structure, each run was classified
three groups,A, B, andC in NY.

Figure 1 shows the time-averaged zonal mean zonal
gular momentum@M #[a A12m2 @u# ~broken line!, zonal
mean potential vorticity@q#[@z#12Vm ~dot–dashed line!,
and meridional gradient of the zonal mean potential vortic
@q#y[(A12m2/a)(]@q#/]m) ~solid line! for three typical
runs of #7~groupA!, #10 ~groupB!, and #12~groupC! in
series II, whereu(l,m,t)[2(A12m2/a)(]c/]m) is a
zonal velocity, and@•••# denotes the zonal mean. An overb
indicates the time average from 800 to 1000 J.days. In gr
A with V50, the easterly or westerly flow dominates ove
hemisphere~a!. The zonal mean potential vorticity and it
meridional gradient is very small in all the latitudes. In gro
B, the alternating easterly and westerly zonal band struc
emerges in all the latitudes~b!. However, the zonal mean
potential vorticity @q# increases withm monotonously, be-
cause the planetary vorticity 2Vm is dominant. Therefore
@q#y is positive in all the latitudes indicating that the jets a
barotropically stable. The meridional gradient of the zon
mean potential vorticity largely deviates from that of th
planetary vorticity (2V/a)A12m2 ~thin dotted line!, and
this deviation corresponds to a curvature of the mean zo
angular momentum@M #. Thus the westerly jet is narrow an
steep while the easterly is broad and gentle. In groupC, the
circumpolar easterly jet appears in high latitudes and w
zonal flow in middle and low latitudes~c!. The meridional
gradient of@q# is nearly equal to that of the planetary vo
ticity in the middle and low latitudes~outside of the circum-

e

FIG. 1. Meridional distributions of zonal-mean zonal angular momentum~broken line!, zonal-mean potential vorticity~dot-dashed line!, meridional gradient
of zonal-mean potential vorticity~solid line!, and that of the planetary vorticity~thin dotted line! for three typical runs of~a! #7, ~b! #10, and~c! #12 in series
II. Averaged time is from 800 to 1000 J.days.
3835T. Nozawa and S. Yoden
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polar easterly jets!, while it becomes nearly constant in hig
latitudes. A large gap of@q#y exists aroundw;655°.

III. RESULTS

A. Energy spectrum on a sphere

Figure 2 shows the time-averaged energy spect
Ē(n):

Ē~n!5
1

2

n~n11!

a2 (
m52n

n

ucn
m~ t !u2, ~2!

wherecn
m(t) is an expansion coefficient ofc with spherical

harmonicsYn
m(l,m):

c~l,m,t !5 (
n52

N

(
m52n

n

cn
m~ t !Yn

m~l,m!. ~3!

For all the experiments, the slope of the energy spectrum
close to n24 in the enstrophy-cascading range ofn*nf .
When the forcing wavenumber is not large~series I and II!,
however, the slope in this range becomes a little steep as
rotation rate increases. An upward energy-cascading ran
also obtained for the runs in groupsA and B. The energy
spectra are nearly proportional ton25/3 in this range, and the
slope steepens slightly asV increases. In the case of n
rotation ~#1, #7, and #13; groupA!, the energy spectrum i
steeper thann25/3 at the low wavenumbers ofn&7 because
the energy is accumulating in this range owing to the fin
ness of the spherical domain. For the experiments with r

FIG. 2. Energy spectrum averaged from 800 to 1000 J.days. The numb
the upper left of each curve represents the run number. The curve
arranged from left to right in the order of the forcing wavenumbernf , and
from top to bottom in the order of the rotation rateV/VJ ; each spectrum is
successively shifted down by a factor of 1023 m2 s22 for clarity. Thin
dot-dashed lines represent the forcing wavenumbernf and thick arrows the
wavenumbernb at which scale the ‘‘b-term’’ is comparable to the nonlinea
Jacobian term. A broken line ofn24 is added in the range ofnf<n<N
5199 for all runs. Another broken line ofn25/3 is also added in the range o
nb<n<nf except for the two runs of #5 and #6.
3836 Phys. Fluids, Vol. 9, No. 12, December 1997

Downloaded 12 Sep 2005 to 130.54.59.128. Redistribution subject to AIP
m

is

he
is

-
a-

tion, on the other hand, the spectrum does not obey
power law of n25/3 at low wavenumbers; the energy
cascading range becomes narrow and the spectrum in
range becomes noisy asV increases.

A characteristic wavenumbernb is also listed in Table I,
which was defined in NY as

nb[aA^b&/~2Ū !, ~4!

where Ū is the r.m.s. velocity averaged from 800 to 100
J.days, and ^b& is the spherical average ofb:
^b&5pV/(2a). Figure 2 shows thatnb ~indicated by an
arrow! roughly gives the lower bound of the energ
cascading range. The spectrum does not show any c
power law in 2<n&nb , where the linear ‘‘b-term’’ is
larger than the nonlinear term in Eq.~1!. When the forcing
wavenumber is small and the rotation rate is large~#4–6, and
#12; groupC!, the wavenumbernb is nearly equal to or
larger thannf , and the energy-cascading range with ann25/3

power law is not found at all.
The energy flux functions for all runs are shown in Fi

3. The energy flux functionP̄(n) is calculated from the en
ergy transfer functionT̄(n):

P̄~n!5 (
n852

n

T̄~n8!, ~5!

T̄~n!52 (
m52n

n

$cn
m~ t !%†Nn

m~ t !, ~6!

where Nn
m(t) is the expansion coefficient of the nonline

Jacobian term, and (•••)† denotes the complex conjugate.
the case of no rotation~group A!, the energy flux is nearly
constant in the range of 2<n&nf , indicating that the energy

in
re

FIG. 3. Time-averaged energy flux function for the last 200 J.days. Bro
lines are zero lines. The wavenumbersnf ~thin dot–dashed lines! and nb

~thick arrows! are the same as in Fig. 2. Arrangement of the curves
identical to that of the curves in Fig. 2. The energy flux function for the r
without rotation~top curves in each panel! is superimposed on that for the
other runs in the same series~thin dotted lines!.
T. Nozawa and S. Yoden
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of 0
icity
FIG. 4. Two-dimensional energy density averaged from 800 to 1000 J.days for the same three runs as in Fig. 1. The low-wavenumber region<m,n
<50 is shown. Thick arrows represent the wavenumbernb . Solid curves indicate the ‘‘wave-turbulence boundary’’ at which the reciprocal of the vort
advection time is comparable to the Rossby-wave frequency.
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is transferred as far as the lowest wavenumber ofn52.
However, the energy flux aroundnf becomes large as th
forcing wavenumber increases, because the dissipation e
increases with an increase inn. For the experiments with
rotation in groupB, the energy flux function is parallel to
that for no rotation in the energy-cascading range ofnb&n
<nf , indicating that the effect of rotation is weak in th
range. Exceptions are #17–18 of largeV/VJ ; the energy
flux function is slightly steeper than that for no rotation ev
in this energy-cascading range suggesting that the influe
of rotation is large even in this range. In the range of 2<n
&nb , on the other hand, the energy flux function is n
parallel to that of groupA but it has a large decline; th
energy transfer is largely suppressed in this range. For
runs in groupC, the energy flux is smaller than that for n
rotation in the range of 2<n&nf ; the upward energy cas
cade is strongly suppressed by the rotation even in the f
ing range.

In contrast to the energy flux function, the enstrophy fl
function is not constant at all even in the enstroph
cascading range ofn*nf ~not shown!. This is mainly due to
the form of the dissipation;13 we did not use the hyperviscos
ity. For the experiments with rotation in groupB, the enstro-
phy flux becomes large as the rotation rate increases. Fo
runs in groupC, on the other hand, the enstrophy flux
smaller than that for no rotation in the range ofn*nf indi-
cating that the normal enstrophy cascade is also stro
suppressed by the rotation.

Figure 4 shows the 2D energy spectral densityĒ(m,n):

Ē~m,n!5
1

2

n~n11!

a2
ucn

m~ t !u2, ~7!

in the range ofn<50 for the same three runs as in Fig.
The energy density has the symmetry ofĒ(2m,n)
5 Ē(m,n) becausecPR, so that it is shown only form
>0. In the case of no rotation~a!, the energy density in-
creases by the upward energy cascade as the total wave
ber n decreases. The isopleths ofĒ(m,n) are nearly inde-
pendent of the zonal wavenumberm indicating that the flow
Phys. Fluids, Vol. 9, No. 12, December 1997
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field is homogeneous and isotropic as theoretically poin
out by Boer.14 For the experiments with rotation~b!–~c!, on
the other hand, a large amount of energy is found aro
m50 at the low wavenumbers ofn&nb and the energy den
sity Ē(m,n) decreases with an increase inm for fixed n.
There is little energy in an airfoil-shaped region near t
lower edge of the triangle, and this region becomes wide
the rotation rate increases~c!. Here, the ‘‘wave-turbulence
boundary’’ is introduced in the analogy of that in VM for th
b-plane turbulence:

m5
Ū

2Va
n2~n11!. ~8!

On this curve, the Rossby wave frequency 2Vm/$n(n
11)% is equal to the reciprocal of the vorticity advectio
time Ūn/a. The curve expressed by Eq.~8! is also drawn in
Figs. 4~b! and 4~c!. The boundary of the airfoil-shaped re
gion has a qualitatively similar shape to this curve, althou
these two curves quantitatively disagree.

Figures 4~b! and 4~c! show that the isopleths ofĒ(m,n)
are not horizontal even in the range ofn*nb but it has a
gradual decline withm. Figure 5 also showsĒ(m,n) in the
full wavenumber range for the other three runs of #1, #3, a
#6 in series I with the forcing of small wavenumbe
(nf520). In contrast to the runs in Fig. 4, these are cho
here to clarify the spectral anisotropy in the hig
wavenumber region far away from the forcing. In the case
no rotation~a!, the isopleths ofĒ(m,n) are nearly indepen-
dent ofm, so that the flow field is homogeneous and isot
pic in all the wavenumber ranges. For the experiments w
rotation, on the other hand, the isopleths have a gradient
m even in the high-wavenumber region. When the rotat
rate is large~c!, the isopleths ofĒ(m,n) are nearly vertical
in this diagram and most of the energy is confined in
wavenumber region ofm&50 indicating a strong zonal an
isotropy for all the range ofn.

The energy distribution becomes zonally anisotropic o
ing to the effect of rotation and a large amount of ener
3837T. Nozawa and S. Yoden
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FIG. 5. Two-dimensional energy density averaged from 800 to 1000 J.days for three typical runs of~a! #1, ~b! #3, and~c! #6 in series I. Full components ar
shown.
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exists on the line ofm50. Thus the division of the energ
spectrumĒ(n) into zonal-mean componentsEZ̄(n) and dis-
turbance componentsED̄(n) will be useful for summarizing
the spectral anisotropy, where the two energy densities
defined as follows:

EZ̄~n!5
1

2

n~n11!

a2
ucn

0~ t !u2, ~9!

ED̄~n!5
1

2 (
m52n
mÞ0

n
n~n11!

a2
ucn

m~ t !u2. ~10!

Figure 6 showsEZ̄(n) ~solid line! andED̄(n) ~short dashed
line! for the same three runs as in Figs. 1 and 4. In the c
without rotation~a!, the disturbance energy density is dom
nant in all the wavenumbers. For the experiments with ro
tion ~b!–~c!, on the other hand, zonal-mean components
come dominant in low wavenumbers. For the run in groupB,
EZ̄(n) is comparable to or larger thanED̄(n) in the range of
n&nb , indicating that the zonally symmetric flow field i
dominant in this range. For the run in groupC, the wave-
number range whereED̄(n)*EZ̄(n) extends toward the low
wavenumber range ofn*14 beyondnb .
3838 Phys. Fluids, Vol. 9, No. 12, December 1997
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B. Energy spectrum on a tangential plane

In this subsection, we compare local feature of the
turbulence in the spherical geometry with some numer
results obtained on ab-plane5 by introducing a square tan
gential plane. A modified streamfunction fieldC(x,y,t) is
defined and the 2D energy spectral densityE(k,l ,t) is cal-
culated fromC(x,y,t) as shown in the Appendix, wherex
andy are the abscissa and ordinate of the plane, respectiv
andk and l arex- andy-wavenumbers, respectively.

Figure 7 shows the time-averaged 2D energy den
Ē(k,l ) for the run #7 without rotation~group A!. Twenty-
five energy densities for each plane are also averaged.
energy densityĒ(k,l ) roughly shows a homogeneous an
isotropic distribution, although the effect of the aliasing err
remains around the linesk50 andl 50.

The modified streamfunction fieldsC(x,y,t) at t
51000 J.days are shown in Figs. 8~a!–8~c! for the run #10
with moderate rotation rate (V/VJ51.00; groupB!. On
equatorial and middle-latitude tangential planes~a!–~b!, the
zonal band structure is dominant, although the bands ha
little curvature in middle latitudes~b!. On the other hand, a
coaxial circular structure dominates on a polar tangen
plane ~c!. Figures 8~d!–8~f! show the 2D energy densit
e
FIG. 6. Energy density for zonal components~solid line! and that for disturbance components~dotted line! averaged from 800 to 1000 J.days for the sam
three runs as in Figs. 1 and 4. Thin dot-dashed lines represent the wavenumbersnf andnb .
T. Nozawa and S. Yoden
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Ē(k,l ) for this run. In the tangential planes in low an
middle latitudes~d!–~e!, the energy distribution is rather an
isotropic owing to the ‘‘b-effect’’; the energy aroundk50 is
large and the isopleths ofĒ(k,l ) are elongated in the direc
tion of thel -axis. The energy density is large on the horizo
tal lines of l 561 nearly independently of the wavenumb
k. The difference of the spectral anisotropy is not very s
nificant between the equatorial region~d! and middle lati-
tudes~e!. In the polar tangential planes~f!, on the other hand
the distribution of the energy is isotropic except for the ali
ing. This isotropic distribution ofĒ(k,l ) is rather different
from that for #7 without rotation~Fig. 7!; the energy is con-
fined into the lower-wavenumber region.

FIG. 7. Two-dimensional energy density calculated from the modifi
streamfunction field for run #7. Time averages from 800 to 1000 J.days
ensemble averages of 25 cases of the tangential planes.
Phys. Fluids, Vol. 9, No. 12, December 1997
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The energy densityĒ(k,l ) for the run #12 with large
rotation rate (V/VJ54.00; groupC! is shown in Fig. 9. The
spectral anisotropy is evident in the equatorial region~a! and
the energy densityĒ(k,l ) shows a clear dumbbell shape
the low-wavenumber region. The dumbbell shape remind
of the original finding by VM in theirb-plane experiment.
The energy has a maximum at relatively large meridio
wavenumbers aroundl 565 corresponding to the zona
band structure in the streamfunction field~not shown!. Simi-
lar spectral anisotropy is obtained in middle latitudes~b!
except for the dumbbell shape. Figure 10 also shows
energy densityĒ(k,l ) for the run #18 with a large rotation
rate (V/VJ54.00; groupB! and nf579. The isopleths are
elongated in thel -axis and the energy is accumulated arou
k50 in middle and low latitudes~a!–~b!. Some accumula-
tions around the lines ofl 562 are also seen. A simila
dumbbell structure can be identified in the equatorial reg
~a! and a hint of it in middle latitudes~b!.

IV. DISCUSSION

For the 2D turbulence with the effect of differential ro
tation, Maltrud and Vallis6 have already studied the energ
transfer in their numerical experiments on ab-plane, and
showed that the transferred energy accumulates arounkb

and that the power law in the energy-cascading range
mains nearly proportional tok25/3. Although the wavenum-
ber nb we used is not identical tokb , these features of the
energy spectrum influenced by the rotation are obtained
our spherical experiments in groupB with small and moder-
ate rotation rates~Fig. 2!. For the cases with a larger rotatio

d
nd
latitude
FIG. 8. ~a!–~c! Modified streamfunction fieldC(x,y,t) at t51000 J.days for run #10. The center of the tangential plane (lc ,wc) is indicated on the top of
each figure. Meridians and parallels are drawn for every 10°. The contour interval is 531021 and negative areas are shaded.~d!–~f! The two-dimensional
energy density calculated from the modified streamfunction field for run #10. The number in the upper right of each figure represents the centralwc

of the tangential plane. Time averages from 800 to 1000 J.days and ensemble averages of~d! 9 cases,~e! 12 cases, and~f! 4 cases.
3839T. Nozawa and S. Yoden
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FIG. 9. The same as in Figs. 8~d!–8~f! but for run #12.
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rate (V/VJ>2.00) in groupB, the energy cascade is large
influenced by the rotation, so that the energy is dissipa
faster in the energy-cascading range. Hence the energy s
trum in this range becomes steeper thann25/3 as shown in
Fig. 2 ~#11, #17, and #18!. For the experiments in groupC,
on the other hand, the upward energy cascade is largely
hibited by the rotation as shown in Fig. 3. The enstrop
cascade is also suppressed because the normal enstroph
cade is strongly connected with the upward energy casc
Thus the energy spectrum in groupC is steeper thann24 in
the enstrophy-cascading range.

The spherical analog of the ‘‘wave-turbulence boun
ary’’ introduced by VM exhibits a characteristic airfoil shap
near the lower edge of the triangular wavenumber sp
@Figs. 4~b! and 4~c!#, and there is little energy in a qualita
tively similar airfoil-shaped region. However, the bounda
largely overpredicts the outline of the energy distribution
seen in Fig. 4~c! in contrast with the case on ab-plane.5

Some modification of the ‘‘wave-turbulence boundary’’
necessary for the spherical geometry. The vertically in
grated kinetic energy spectrum of the real atmosphere
tained by Boer and Shepherd15 also shows a similar airfoil-
shaped region in which little energy exists at the lo
wavenumber region ofm,n&5. This correspondenc
suggests the two-dimensional Rossby-wave/turbulence
ture of the large-scale atmospheric motion.

The spectral anisotropy is also found in the hig
wavenumber region of the triangular wavenumber sp
3840 Phys. Fluids, Vol. 9, No. 12, December 1997
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@Figs. 5~b! and 5~c!#; the energy density decreases with
increase in the zonal wavenumberm. This tendency of the
zonal anisotropy in high wavenumbers was already obtai
by Holloway and Hendershott7 and Basdevantet al.8 in their
experiments onb-planes. Thus the spectral anisotropy in t
zonal direction is a common feature of the 2D turbulence
a rotating sphere and on ab-plane. It is necessary to inves
tigate the reason why the energy density distributes an
tropically even in the high-wavenumber region where t
effect of rotation is very small.

When the flow field is projected on an equatorial tange
tial plane, the 2D energy density shows a clear dumbb
shape in the low-wavenumber region as in VM for the ru
with a large rotation rate@Figs. 9~a! and 10~a!#. The wave-
numberkb estimated for the equatorial tangential plane w
the value ofb at the equator~the second last column in
Table I! is somewhat larger than the wavenumber of t
boundary on thek-axis, and this tendency of overpredictio
is also obtained by VM. For the flow fields projected o
middle-latitude tangential planes, on the other hand, the
energy density does not show such a clear dumbbell sh
even in the runs with large rotation rates@Figs. 9~b! and
10~b!#. In these cases, zonal bands in the modified stre
function field has a little curvature, particularly in highe
latitudes@Fig. 8~b!#. Furthermore, theb-plane approximation
is not so good due to the large size of the tangential pla
Thus the energy density may not exhibit a clear dumbb
shape. Reduction of the size of the tangential plane will
FIG. 10. The same as in Figs. 8~d!–8~f! but for run #18.
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necessary to get a clear dumbbell shape, although it requ
very hard computations with a high-resolution spheri
model.

V. CONCLUSIONS

The datasets on the forced 2D turbulence on a rota
sphere which were obtained in our recent numerical exp
ments with a high-resolution barotropic model were analy
to study the spectral anisotropy due to the rotation of sph
The energy spectral density is calculated not only in the
spherical domain but also in some local tangential plane
compare the results with that obtained in the previo
b-plane experiments for the assessment of theb-plane ap-
proximation.

For the runs without rotation~we called groupA!, the
energy is transferred to the lowest wavenumber ofn52. For
the runs of groupB with rotation, on the other hand, th
upward energy cascade ceases around a characteristic w
numbernb at which the linear ‘‘b-term’’ due to the plan-
etary rotation is comparable to the nonlinear Jacobian te
and the transferred energy accumulates in the rangen
&nb , where the energy density of zonal components
dominant. As the rotation rate increases, the ener
cascading range becomes narrow, although the slope in
range remains close ton25/3. When the wavenumbernb is

FIG. 11. ~a! Streamfunction fieldc(x8,y8,t) at t51000 J.days for run #7
The streamfunction is orthographically projected on an equatorial tange
plane. Meridians and parallels are drawn for every 10°. A contour interv
2.53108 m2 s21 and negative areas are shaded.~b! The two-dimensional
energy density calculated from the streamfunction fieldc(x8,y8,t) in ~a!.
Dark shades indicate high values of the energy.~c! The modified stream-
function fieldC(x,y,t) obtained from the streamfunctionc(x8,y8,t) shown
in ~a!. See the text for a definition. The contour interval is 531021 and
negative areas are shaded.~d! The two-dimensional energy density calc
lated from the modified streamfunction fieldC(x,y,t) in ~c!. Shading is
done by means of multiplying a factor to the color code in~b!.
Phys. Fluids, Vol. 9, No. 12, December 1997

Downloaded 12 Sep 2005 to 130.54.59.128. Redistribution subject to AIP
es
l

g
ri-
d
e.
ll
to
s

ve-

,

s
y-
his

nearly equal to or larger than the forcing wavenumbernf

~group C!, the upward energy cascade is strongly inhibit
by the effect of rotation.

The 2D energy density in the spherical domain exhib
the isopleths independent of the zonal wavenumberm for the
runs without rotation, indicating that the flow field is hom
geneous and isotropic. In the case with rotation, on the o
hand, a large amount of energy is in the range of 2<n
&nb with m50, while little energy is found in a characte
istic airfoil-shaped region near the lower edge of the tria
gular wavenumber space. The airfoil-shaped region beco
wide as the rotation rate increases. The 2D energy densi
the high-wavenumber region also shows anisotropic distri
tion as well as in the low-wavenumber region; most of t
energy is confined in the lower zonal wavenumbers for
the range ofn. The confinement becomes more evident
the rotation rate increases.

For some experiments, the flow field in the spheric
geometry was projected orthographically on some tangen
planes to compare the energy density distributions in
wavenumber space with those obtained in someb-plane ex-
periments. In the case without rotation, the 2D energy d
sity shows the homogeneous and isotropic distribution.
the runs with rotation, on the other hand, the distribution
the 2D energy density largely depends on the value ofb at
the center of the plane. In the equatorial tangential plan
the 2D energy density shows anisotropic distribution. T
isopleths are elongated elliptically in the direction of the m
ridional wavenumber, and the energy is accumulated wit
small zonal wavenumbers. There are other accumulat
along constant meridional wavenumbers due to the em
gence of a zonal band structure in the flow field. The
distribution in low wavenumbers shows the characteris
dumbbell shape of little energy density as shown in Va
and Maltrud.5 Similar anisotropic features are obtained in t
middle-latitude tangential planes except for the dumbb
shape in the low-wavenumber region. In the polar tangen
planes the distribution of 2D energy density is isotropic, b
cause the circumpolar vortex dominates over the plane.
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APPENDIX: DEFINITION OF THE MODIFIED
STREAMFUNCTION ON A TANGENTIAL PLANE

The streamfunction field on the sphere is orthograp
cally projected on a square tangential plane which is in c
tact with the sphere at a point (lc ,wc) and has sides ofa
~the radius of the sphere!. We select twenty-five tangentia
planes to cover all around the sphere considering the rati
areas: nine planes in the equatorial region (wc50°) with an

ial
is
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equal longitudinal difference ofDlc540°, twelve in the
middle latitudes (wc5645°) with Dlc560°, and four in
the polar regions (wc5690°) with two different orientations
(45°) for each pole. As an example, the streamfunction fi
c(x8,y8,t) on an equatorial tangential plane att51000
J.days is shown in Fig. 11~a! for run #7, wherex8 andy8 are
the abscissa and ordinate of the plane, respectively. Fi
11~b! shows 2D energy spectral density calculated from t
streamfunction field shown in Fig. 11~a!:

EO~k,l ,t !5S 2p

a D 2 k21 l 2

2
uĉ l

k~ t !u2, ~A1!

wherek andl arex8- andy8-wavenumbers, respectively, an
ĉ l

k(t) is an expansion coefficient of the Fourier transform
tion of c(x8,y8,t):

ĉ l
k~ t !5E

0

aE
0

a

c~x8,y8,t !e2 i ~2p/a!~kx81 ly8!dx8dy8.

~A2!

The number of grid points in thex8-direction I and that in
the y8-directionJ are set toI 5J596 considering the reso
lution of the spherical model, so that the truncation wa
number is 48. For this resolution, the forcing wavenumb
nf520, 40, and 79 on the sphere roughly correspond to
wavenumbersk f5Akf

21 l f
253, 6, and 12, respectively. A

shown in Fig. 11~b!, discontinuity of c(x8,y8,t) at the
boundaries brings an aliasing error to the spectrum, e
cially around the linesk50 andl 50.

To reduce the effect of the discontinuity, a modifie
streamfunctionC(x,y,t) is defined as follows:

C~x,y,t !5
c~x8,y8,t !2c r~x8,y8,t !

A^^$c~x8,y8,t !2c r~x8,y8,t !%2&&
, ~A3!

x5
2p

a
x8, y5

2p

a
y8, ~A4!

wherec r(x8,y8,t)5ax81by81g is a regression plane ob
tained from the streamfunctionc(x8,y8,t); a,b, andg are
determined by the least squared method:

S a

b

g
D 5S J(

i 50

I 21

~xi8!2 (
i 50

I 21

(
j 50

J21

xi8yj8 J(
i 50

I 21

xi8

(
i 50

I 21

(
j 50

J21

xi8yj8 I (
j 50

J21

~yj8!2 I (
j 50

J21

yj8

J(
i 50

I 21

xi8 I (
j 50

J21

yj8 IJ
D 21

3S (
i 50

I 21

(
j 50

J21

xi8c~xi8 ,yj8 ,t !

(
i 50

I 21

(
j 50

J21

yj8c~xi8 ,yj8 ,t !

(
i 50

I 21

(
j 50

J21

c~xi8 ,yj8 ,t !

D , ~A5!
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a

I
i ~ i 50,1,2,•••,I 21!,

yj85
a

J
j ~ j 50,1,2,•••,J21!.

A bracket^^•••&& in Eq. ~A3! indicates an area average o
the tangential plane. The modified streamfunction fie
C(x,y,t) exhibits a normalized deviation ofc(x8,y8,t)
from the regression planec r(x8,y8,t). Note that the sides o
the tangential plane are normalized to 2p by Eq. ~A4!. Fig-
ure 11~c! shows the modified streamfunction fieldC(x,y,t)
obtained from the streamfunction field shown in Fig. 11~a!.
The pattern ofC(x,y,t) does not closely resemble that of th
original. However, the spectral coefficients of the regress
plane c r(x8,y8,t) are equal to zero except for the casekl
50. Hence the modified streamfunction preserves the sta
tical properties of the original streamfunction. Figure 11~d!
shows the 2D energy spectral density calculated fr
C(x,y,t) shown in Fig. 11~c!:

E~k,l ,t !5
k21 l 2

2
uĈl

k~ t !u2, ~A6!

whereĈl
k(t) is an expansion coefficient of Fourier transfo

mation ofC(x,y,t):

Ĉ l
k~ t !5E

0

2pE
0

2p

C~x,y,t !e2 i ~kx1 ly !dxdy. ~A7!

Obviously, the distribution ofE(k,l ,t) does not differ from
that of EO(k,l ,t) except for the linesk50 andl 50.
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