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A series of numerical experiments on the forced two-dimensional turbulence on a rotating sphere
were done to investigate the formation processes of zonal band structures and their sensitivity to two
experimental parameters of the rotation rate and the forcing wave number. A high-resolution
barotropic full spherical model of T199 truncation is used with a homogeneous and isotropic
formulation of the vorticity forcing function. Three different flow regimes are obtained and one of
them is a new regime previously unknown. In the cases of no rotation, a very large flow pattern is
obtained as a result of the upward energy cascade to the lowest wave number. The pattern
irregularly fluctuates with time. A zonal band structure that consists of alternating easterly and
westerly jets becomes dominant with an increase in the rotation rate. The alternating jets, which are
robust and persistent, are already formed to be discernible in the very early stage of the time
integration. The width of the jets decrease and the number of those increases as the rotation rate
increases. The upward cascade of the disturbance energy ceases owing to the effect of rotation
around a characteristic wave numbernb at which the ‘‘b term’’ is comparable to the nonlinear
Jacobian term. Scale separation between the scale of cascade arrest and the forcing scale allows a
systematic alignment of the vortices elongated by the shear in the zonal mean zonal flow, and such
an alignment maintains the zonal band structure. When the forcing wave number is small and the
rotation rate is large, the band structure is confined in high latitudes yielding a circumpolar vortex
with a strong easterly jet, and a wavy structure dominates in middle and low latitudes. This is the
new flow regime that is found in this study. Any systematic phase relation is not established in these
latitudes because the phases are scrambled by the forcing due to the insufficient scale separation,
therefore, the alternating zonal band structure does not emerge. ©1997 American Institute of
Physics.@S1070-6631~97!02107-7#
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I. INTRODUCTION

For two-dimensional~2-D! turbulence on an infinite
plane, Kraichnan1 and Leith2 theoretically predicted the en
ergy spectrum that has two power laws ofk23 in the normal
enstrophy-cascading range and ofk25/3 in the upward
energy-cascading range. Since then many numerical ex
ments have been done to examine several aspects of the
turbulence theory.3–5One of the most remarkable features
the flow field obtained in the numerical experiments is
emergence of isolated coherent vortices in decaying
turbulence.6 Characteristics of these coherent vortices ha
been investigated in detail using a surprisingly hig
resolution model with 10242 grids.7

A geophysical application of the 2-D turbulence theo
was first done by Rhines8 with a numerical model on ab
plane to investigate the effect of the rotation of planets on
2-D turbulence. He showed that the upward energy casc
ceases roughly at a characteristic wave numberkb

5Ab/2U, whereU is the rms velocity andb the meridional
gradient of the Coriolis parameterf . The conversion from
turbulence into Rossby waves takes place around the w
numberkb . He also found that the flow field becomes a

a!Corresponding author. Current address: Disaster Prevention Researc
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Phys. Fluids 9 (7), July 1997 1070-6631/97/9(7)/2081/13/

Downloaded¬12¬Sep¬2005¬to¬130.54.59.128.¬Redistribution¬subject¬
ri-
-D

e
D
e
-

e
de

ve
-

isotropic and a zonal band structure that consists of alter
ing easterly and westerly jets emerges owing to theb effect.
Another numerical experiment on decaying 2-D turbulen
on ab plane was performed by Holloway and Hendersho9

to investigate the validity of their closure model, which is
extension of the turbulence ‘‘test-field model’’ proposed
Kraichnan.10 They showed that the flow field has a stron
zonal anisotropy in the range ofk&kb

H[b/Z, whereZ is the
rms vorticity. Later, Shepherd11 numerically studied the 2-D
turbulence on ab plane under the existence of an impos
large-scale zonal jet. He showed that the disturbance en
is transferred into the range ofk&kb owing to the shear-
induced spectral transfer, and that the disturbance flow fi
becomes meridionally anisotropic in this low-wave numb
range.

Maltrud and Vallis12 numerically studied the forced 2-D
turbulence on ab plane with a high-resolution model~2562

or 5122 grids! under recent advanced computing facilities.
their experiments, coherent vortices become weak while
isotropy of the flow field increases as the strength of theb
effect increases. Moreover, Vallis and Maltrud13 showed that
the obtained zonal band structure is extremely robust
persistent, and that the meridional scale of the obtained z
jets becomes small as the strength of theb effect increases.
A similar zonal band structure was also found in the nume
cal experiment on a quasigeostrophic two-layerb-plane
turbulence14 forced by an imposed unstable vertical shear.

In-
2081$10.00 © 1997 American Institute of Physics
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these experiments, the westerly jets are narrower and sha
than the easterly ones. This asymmetry between the wes
and the easterly jets has been studied and discussed by
cus and Lee.15 A recent review on the basic dynamics of je
was given by Rhines.16

The nature of the 2-D turbulence in spherical geome
is interesting because of the finiteness of the domain with
any artificial lateral boundary, in addition to a possible a
plication to planetary atmospheres. Williams17 did a series of
numerical experiments on the forced 2-D turbulence o
rotating sphere, and he reproduced a zonal band struc
similar to that of Jovian atmosphere for experimental con
tions appropriate to Jupiter. However, the computational
main was restricted to116 of the entire sphere under the a
sumptions of longitudinal periodicity and equatori
symmetry, and the forcing function he adopted was not i
tropic. Hence, the obtained band structure in the flow fi
might be influenced by the assumed boundary conditions
the anisotropic vorticity forcing. Another numerical expe
ment on the forced 2-D turbulence on a rotating sphere
done by Basdevantet al.18 to investigate the predictability
properties of the flow field. In their experiments, howev
the obtained flow field did not show such a strong zonality
that of Williams.17

A few years ago, Yoden and Yamada19 did a series of
numerical experiments on the decaying 2-D turbulence o
rotating sphere to investigate the effects of rotation and sp
ricity. They found an easterly jet in high latitudes for larg
rotation rates under the existence of Rossby waves. The
tial flow in their experiments has a maximum of energy sp
trum at a relatively low wave numbern510 compared with
that of the forcing (n;50) used by Williams,17 so that the
energy transfer in their decaying turbulence may be larg
different from that in Williams’ forced turbulence. Recentl
Cho and Polvani20 did a series of numerical experiments on
shallow-water decaying turbulence on a rotating sphe
They obtained zonal band structure with strong easterly fl
in the equatorial region, and this equatorial jet becom
strong as the Rossby deformation radius decreases.

In this paper, we perform a series of numerical expe
ments on the forced 2-D turbulence on a rotating sphere.
the subject of the forced 2-D turbulence in the spherical
ometry, there has been no study aiming at a sweep in pa
eter space. Hence, this is the first step to investigate the
sitivity of the formation process of zonal band structure
the rotation rate and the forcing wave number. The mo
and experimental procedure are described in Sec. II;
framework of the experiment is close to that of Williams17

but the numerical simulation is done in a full spherical d
main and a homogeneous and isotropic formulation of
vorticity forcing function is used. Results are given in Se
III, where the obtained fluid motion is categorized into thr
groups and one of them is found to be a new flow regime
discussion is presented in Sec. IV, and conclusions are
sented in Sec. V.
2082 Phys. Fluids, Vol. 9, No. 7, July 1997
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II. MODEL AND NUMERICAL EXPERIMENT

A. Model description

Two-dimensional nondivergent flow on a rotating sphe
is governed by a vorticity equation:

]z

]t
1

1

a2
J~c,z!1

2V

a2
]c

]l
5F1nS ¹21

2

a2D z, ~1!

wherec(l,m,t) is a streamfunction field,z(l,m,t)5¹2c:
vorticity, l: longitude,m: sine latitude,t: time,¹2: horizon-
tal Laplacian,J(c,z): horizontal Jacobian,a: radius of the
sphere,V: rotation rate of the sphere,n: kinematic viscosity
coefficient, andF(l,m,t): vorticity forcing function. The
second term of the viscosity term~i.e., 2/a2! is necessary to
satisfy the conservation law of the total angular momentu

For the forcing functionF, a random Markovian formu-
lation is used as in Lilly3 and Williams:17

F~l,m, jDt !5RF„l,m,~ j21!Dt…

1A12R2F̂~l,m, jDt !, ~2!

whereR is a dimensionless memory coefficient~R50.98 as
in Williams17!, and F̂ is a randomly generated vorticit
source at every time step. The random vorticity source fu
tion is as follows:

F̂~l,m, jDt !5 (
n5nf2Dn

nf1Dn

(
m52n
mÞ0

n

F̂n
m~ j !Yn

m~l,m!, ~3!

whereF̂n
m( j ) is an expansion coefficient ofF̂ with spherical

harmonicsYn
m(l,m). We set the amplitude and phase of t

coefficients randomly at every time stepj in order to con-
struct a homogeneous and isotropic forcing. The forcing
given in a narrow range betweennf2Dn andnf1Dn with
Dn52, and the rms amplitude is held constant toiFi
[A^F̂2& in each run, wherê•••& denotes the spherical ave
age. Figure 1 shows an example of the forcing field a
particular time step withnf540.

The vorticity equation~1! can be nondimensionalized b
taking the radius of the sphere as a length scale and
reciprocal of the rotation rate of the sphere as a time sca

]z*
]t*

1J~c* ,z* !12
]c*
]l

5aE
21F*1ReE

21~¹
*
2 12!z* ,

~4!

where the subscript* denotes that the quantity is nondime
sional, andaE[V2/iFi and ReE[Va2/n are two dimension-
less numbers. Note that the forcing functionF is nondimen-
sionalized asF*5iFi21F. Equation~4! means that the flow
that has the same values of (aE ,ReE) is dynamically similar
if the forcing wave number is unchanged in Eq.~3!.

In Eq. ~1!, thus in Eq.~4!, any sort of large-scale dissi
pation is not introduced because such a dissipation may
fect the dynamics in undesired ways. The main problem w
not using any large-scale dissipation is that a final equi
rium state can be hardly reached. The equilibrium st
might be reached in the spherical geometry because it
closed domain. However, it requires very hard computati
T. Nozawa and S. Yoden
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to achieve the equilibrium state, so that it is practically i
possible with the state of the art computing facilities.

B. Numerical experiment

Numerical simulations are done for Eq.~1!. The radius
and the rotation rate of the sphere are set to those of Ju
just for a geophysical reference;a57.003107 m and V
5VJ51.7631024 rad s21. Time t is measured by a Jovia
day; 1 J.day52p/VJ53.573104 s. The kinematic viscosity
coefficient of n55.003105 m2 s21 is adopted as in
Williams.17 A pseudospectral method with a triangular tru
cation of T199 (n<1995N) is used for the computation o
the advection~Jacobian! term; grids for the spectral transfo

FIG. 1. Vorticity forcing field att5100 J.days withnf540. The contour
interval is 2.5310211 s22 and negative areas are denoted by dotted lin
The zero contour has been deleted. Orthographic projection is used wit
center atl50° andw50°. Meridians and parallels are drawn for eve
30°.
Phys. Fluids, Vol. 9, No. 7, July 1997
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mation are 600 in longitudes and 300 in latitudes. Equat
~1! is integrated from an initial condition of zero velocit
field. The Runge–Kutta–Gill method is used for the tim
integrations withDt50.05 J.day. All of the computation
are done in double precision.

Time integrations are halted at 1000 J.days, although
total energy at that time is not more than 5% of the estima
energy in the final equilibrium. However, the integration p
riod of 1000 J.days is long enough for the formation of zon
bands, as will be shown in Fig. 3; the zonal band struct
has already been established by that time, although the in
sity of the jets continues to increase gradually. This work
fundamentally aimed at investigating the formation proc
of such a zonal band structure.

Table I gives a summary of 18 experiments that will
reported in this paper. We perform three series of the exp
ments with the forcing wave number ofnf520, 40, or 79.
For each forcing wave number, six values of the rotation r
are chosen:V/VJ50.00, 0.25, 0.50, 1.00, 2.00, and 4.0
The sphere hasV/VJ rotations par unit J.day. The rms am
plitude of the forcingiFi is determined by a method of tria
and error to obtain a similar value of the kinetic energy a
eraged over the sphere (E'2.453103 m2 s22) in the cases
of no rotation, and the amplitude is not changed for the ru
with the same forcing wave number. Two dimensionle
numbers ReE andaE in Eq. ~4!, are also listed in Table I
except for the cases without rotation, in which cases the n
dimensionalization withV21 is not appropriate in these runs
For each nf , six points on the curve of aE

5iFi21(n/a2)2 ReE
2 are chosen for the parameter swee

The sequence of random numbers for the vorticity sou
function is unchanged for all the experiments.

Table I also shows some characteristic quantities that
obtained from the flow field at 1000 J.days. The kinetic e
ergy E and the enstrophyQ are determined internally an
have different dependence on the experimental parame

.
he
TABLE I. Summary of experiments. The column headings are given in the text.

Series Run no. nf V/VJ

iFi
(s22) ReE aE

E

(m2 s22)
Q

(s22) Ro Re Group nb

I

1

20

0.00

7.85310212

••• ••• 2.463103 2.29310211 ••• 1.453103 A •••
2 0.25 4.323105 2.473102 2.343103 2.95310211 3.54 1.223103 B 5.95
3 0.50 8.633105 9.873102 2.233103 3.40310211 1.94 1.083103 B 8.51
4 1.00 1.733106 3.953103 1.763103 3.18310211 1.06 8.833102 C 12.77
5 2.00 3.453106 1.583104 8.743102 2.33310211 6.4431021 5.113102 C 21.52
6 4.00 6.903106 6.323104 3.973102 1.44310211 3.7631021 2.963102 C 37.06

II

7

40

0.00

2.18310211

••• ••• 2.453103 4.74310211 ••• 1.013103 A •••
8 0.25 4.323105 8.883101 2.523103 5.31310211 4.58 9.783102 B 5.84
9 0.50 8.633105 3.553102 2.453103 6.43310211 2.55 8.653102 B 8.31
10 1.00 1.733106 1.423103 2.153103 8.14310211 1.53 6.753102 B 12.14
11 2.00 3.453106 5.683103 1.983103 9.50310211 8.6331021 5.753102 B 17.54
12 4.00 6.903106 2.273104 1.033103 7.15310211 5.1831021 3.463102 C 29.18

13

79

0.00

7.85310211

••• ••• 2.433103 1.36310210 ••• 5.893102 A •••
14 0.25 4.323105 2.473101 2.563103 1.49310210 7.62 5.923102 B 5.82

III 15 0.50 8.633105 9.873101 2.513103 1.56310210 3.93 5.683102 B 8.27
16 1.00 1.733106 3.953102 2.553103 1.93310210 2.17 5.183102 B 11.65
17 2.00 3.453106 1.583103 2.103103 1.98310210 1.21 4.223102 B 17.29
18 4.00 6.903106 6.323103 1.643103 2.19310210 7.1931021 3.143102 B 25.99
2083T. Nozawa and S. Yoden
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es.
FIG. 2. The streamfunction field att51000 J.days for the runs of series II. Contour interval is 2.53108 m2 s21 and negative areas are denoted by dotted lin
The map projection is the same as in Fig. 1.
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nf andV. From these quantities, two nondimensional nu
bers, Reynolds number Re and Rossby number Ro, are
defined as follows:

Re[
U†L†

n
, Ro[

U†a

2VL†2
, ~5!

whereU† is a velocity scale estimated asA2E andL† is a
length scale given byU†T†. Here, the time scale is estimate
asT†51/A2Q . The Reynolds number Re, which is the ra
of the Jacobian term to the viscosity term in Eq.~1!, is very
large in the range of 300–1500, thus the role of the visco
is not very different in all the present experiments. On
other hand, the Rossby number Ro, which is the ratio of
Jacobian term to the linear ‘‘b term,’’ varies from
O (1021) to O ~1!, except for the experiments ofV50.

III. RESULTS

A. Formation of a zonal band structure

The streamfunction fieldc(l,m,t) at t51000 J.days is
shown in Fig. 2 for six values ofV/VJ in the series II ex-
periments withnf540. In the case of no rotation~a!, the
streamfunction field has a very large pattern that is cha
terized by the lowest wave numbern52, owing to the up-
ward energy cascade. This flow pattern moves irregularly
the sphere without changing the pattern largely. For the
periments with rotation~b!–~f!, on the other hand, zona
band structures become dominant. The zonality of
streamfunction field increases as the rotation rate increa
Although details of the flow patterns change with time, t
zonal structures do not change, particularly for large rotat
2084 Phys. Fluids, Vol. 9, No. 7, July 1997
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rates. The amplitude ofc is large in high latitudes, forming a
circumpolar vortex. The edge of the polar vortex shifts
higher latitudes as the rotation rate increases. In the res
the streamfunction field outside of the polar vortex the a
plitude of c decreases with an increase in the rotation ra
and the zonal band structure becomes unclear in middle
low latitudes for the most rapidly rotating case (f!.

Figure 3 shows temporal variation of a zonal mean zo
angular momentum@M #[aA12m2@u# for all runs, where
u(l,m,t)[2(A12m2/a)(]c/]m) is a zonal velocity, and
@•••# denotes the zonal mean. In the cases of no rotation~#1,
#7, #13; groupA!, the easterly~light blue! or westerly~dark
blue! flow grows in width as the time goes by, and it dom
nates over a hemisphere byt5600 J.days or so. The easter
or westerly bands largely vary their positions with time, co
responding to the irregular movement of the large pattern
c, as seen in Fig. 2~a!. For the cases with rotation, on th
other hand, the alternating easterly and westerly zonal ba
are already discernible in early stages byt5100 J.days or so
and do not change their positions largely after the establ
ment of the band structure. They become clear and robus
the rotation rate increases. These zonal band structures
be classified into two groups: one is the alternating east
and westerly zonal band structure in all the latitudes~#2–3,
#8–11, #14–18; groupB!, and the other is the circumpola
easterly jets in high latitudes and weak zonal flow in midd
and low latitudes for the experiments with a small forci
wave number and a large rotation rate~#4–6, #12; groupC!.
For groupB, the number of the bands increases and th
width decreases as the rotation rate increases. For l
V~#9–11, #17–18!, several mergers of westerly bands ta
T. Nozawa and S. Yoden
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re arranged

FIG. 3. Temporal variation of the zonal-mean zonal angular momentum. The time interval is 10 J.days, and the unit of an interval is 2.53109 m2 s21.
Westerly zones are in dark blue while easterly zones in light. The number in the upper left of each figure represents the run number. The figures a
from top to bottom in the order of the rotation rateV/VJ , and from left to right in the order of the forcing wave numbernf .
2085Phys. Fluids, Vol. 9, No. 7, July 1997 T. Nozawa and S. Yoden
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place and the width of the bands increases during s
events. As the time goes by, there is a tendency that
width of easterly bands becomes broad while that of west
becomes narrow. For groupC, on the other hand, the pos
tion of the circumpolar easterly jets shifts to higher latitud
with an increase in the rotation rate. The width of the easte
flow becomes broad with time as in groupB.

Figure 4 shows the meridional distribution of a tim
averaged zonal mean zonal angular momentum@M #, and
Fig. 5 shows a curvature of the mean zonal angular mom

FIG. 4. Time-averaged zonal-mean zonal angular momentum for the
200 J.days. Dashed lines are zero lines. Arrangement of the curves is
tical to that of the figures in Fig. 3. Bullets are plotted above or below
cores.

FIG. 5. Curvature of zonal-mean zonal angular momentum~solid curve! and
zonal-mean potential vorticity~dotted curve! averaged from 800 to 1000
J.days. Dot–dashed lines are zero lines. Arrangement of the curves is
tical to that of the figures in Fig. 3.
2086 Phys. Fluids, Vol. 9, No. 7, July 1997
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tum @c#[A12m2/a3(]/]m){( A12m2/a)(]@M #/]m)}
~solid curve! and a zonal mean potential vorticity@q#[@z#
12Vm ~dotted curve! for all runs, where the overbar de
notes the time average from 800 to 1000 J.days. In the c
of groupA without rotation~#1, #7, #13!, the intensity of
@M # is not very large and the region of the easterly or we
erly flow extends over a hemisphere, as seen in Fig. 3.
curvature@c# and the zonal mean potential vorticity@q# are
very small in all the latitudes. For the runs in groupB, the
intensity of the jets increases and the width of them
creases as the rotation rate increases. The curvature o
westerly flow~negative@c#! is larger than that of the easterl
flow ~positive @c#! in magnitude, and the region with nega
tive @c# is narrower than that with positive@c#. Hence, the
westerly jet is narrow and steep while the easterly is bro
and gentle. For the runs in groupC, on the other hand, the
intensity of the easterly jets as well as that of the weste
flows decreases as the rotation rate increases~#4–6!. The
magnitude of@c# is large in high latitudes while it is very
small in middle and low latitudes. For the runs with rotatio
in groupB andC, the zonal mean potential vorticity monoto
nously increases withm due to the predominance of the pla
etary vorticity 2Vm. The meridional gradient of@q# is, there-
fore, positive in all the latitudes indicating that the jets a
barotropically stable.

In Fig. 4, we place bullets above or below the jet cores
count the number of jets in each run. The dependence of
number of jets on the rotation rate is shown in Fig. 6.
seen in Figs. 3 and 4, the number of jets increases withV,
except for the runs in groupC, in which the zonal-mean flow
is weak in middle and low latitudes. For the experimen
with the same rotation rate, the number of jets is nearly
dependent of the forcing wave numbernf as far as the alter-
nating easterly and westerly jets emerge in the flow field

Here, a characteristic wave numbernb is introduced in
the analogy of Rhines’kb :

8

st
en-
t

en-

FIG. 6. Dependence of the number of jets onV/VJ for the runs of series I
~solid circles connected by a solid line!, for those of series II~squares
connected by a dotted line!, and for those of series III~3’s connected by a
broken line!.
T. Nozawa and S. Yoden
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d only a
FIG. 7. Relative vorticity field att51000 J.days for the same runs as in Fig. 2. The Lambert equal area projection from the North Pole is used, an
part of the northern hemisphere is shown. Meridians and parallels are shown for every 30°. The central meridian is identical to that in Fig. 2.
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nb~ t ![aA ^b&
2U~ t !

, ~6!

whereU(t) is the rms velocity (U(t) 5 A2E(t)), and^b& is
the spherical average ofb: ^b&5 1

2*21
1 b dm5pV/(2a). At

the horizontal scale ofa/nb , the nonlinear Jacobian term
comparable to the ‘‘b term’’, (2V/a2)(]c/]l), in Eq. ~1!.
Values of the wave numbernb at t51000 J.days are listed in
Table I ~the last column!. For the runs in groupB, the wave
numbernb at t51000 J.days is small relative to the forcin
wave number;nb&0.44nf . For the runs in groupC, on the
other hand, the wave numbernb is not less than 0.6nf .

B. Vorticity field

The relative vorticity fieldz(l,m,t) at t51000 J.days is
shown in Fig. 7 for the same runs as in Fig. 2~series II!. In
the case of no rotation~a!, several coherent vortices emerg
in the flow field, one of which corresponds to a cluster
negatively large patches near (l,w)5(210°,30°). A typical
size of the cluster is larger than that of the forcing~see Fig.
1!, suggesting some merging processes of the vorti
patches. A lot of patches of large vorticity with both sig
have a rather circular structure with similar size as that of
forcing. A lot of filament structures are also seen in the r
of the vorticity field, indicating that the fluid motions ar
largely turbulent there. For the experiments with rotati
~b!–~f!, on the other hand, the pattern of the vorticity field
very different from that without rotation. When the rotatio
Phys. Fluids, Vol. 9, No. 7, July 1997
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rate is small~b!, the coherent vortices get elongated zona
in middle and low latitudes, although a coherent vortex c
be seen in high latitudes because of the weakness of theb
effect’’ in the polar region. Patches of large vorticity are al
elongated zonally in middle latitudes. In the cases with m
erate rotation rate~c!–~e!, the elongation takes place in a
the latitudes, and the alternating positive and negative v
ticity bands emerge. As the rotation rate increases, the n
ber of the vorticity bands increases and the width of th
decreases in accordance with the formation of zonal b
structures. For largeV ~f! in group C, the vorticity band

FIG. 8. Vorticity kurtosis for full components~a! and that for disturbance
components~b! as functions ofV/VJ . The line coding is the same as in Fig
6. The averaged time is from 800 to 1000 J.days. Thin vertical bars indi
standard deviations for this period.
2087T. Nozawa and S. Yoden
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gy
FIG. 9. Time–wave number section of energy spectra for typical three runs of #7~a!, #10 ~b!, and #12~c! in series II. The upper figures show the ener
spectrum for disturbances and lower ones for the zonal-mean components. The dotted lines indicate the forcing wave number (nf540) and broken curves the
wave numbernb defined by Eq.~6!.
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structure and the elongated vortices are confined in high
tudes, whereas nearly circular vortices emerge in middle
low latitudes.

Figure 8~a! shows the dependence of time-averaged k
tosisKu5^z4&/^z2&2, which is a measure of the peakedne
of enstrophy~or squared vorticity! distribution, on the rota-
tion rate for all runs. In the case with no rotation, the tim
averaged kurtosis decreases with an increase in the for
wave numbernf as shown in Maltrud and Vallis.

12 For these
runs, the ratio of a dissipation wave number21 to nf decreases
asnf increases. Hence, it is primarily due to the dissipat
effects that the time-averaged kurtosisKu decreases with an
increase innf . For the series III experiments (nf579), the
time-averaged kurtosis has the largest value in the run w
out rotation and it decreases as the rotation rate increa
This fact is consistent with the results of the numerical
periments on ab-plane.12 For the series I and II experiment
on the other hand,Ku is minimized for a certain value of th
rotation rate~V/VJ50.25 for nf520 andV/VJ51.00 for
nf540!; for the runs with largerV than these thresholds
Ku increases as the rotation rate increases. Figure 8~b! shows
the dependence of the time-averaged kurtosis for the dis
bance vorticity field defined asKu*5^(z* )4&/^(z* )2&2,
where (•••)*[(•••)2@•••# denotes the disturbance field. I
the cases with rotation,Ku* is nearly independent of th
rotation rate as well as the forcing wave number. Hence,
2088 Phys. Fluids, Vol. 9, No. 7, July 1997
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increase ofKu with V is due to the confinement of the vo
ticity band structure~i.e., the circumpolar vortex! to the polar
region, as seen in Figs. 2 and 7.

C. Decomposition into zonal-mean and disturbance
fields

In the previous section, the vorticity field is divided int
the zonal-mean and disturbance fields. This kind of divis
is useful to investigate the formation and the maintenanc
zonal band structure in detail, as reported by Shepherd.11 The
spectral energy equations for the zonal-mean and disturb
components are written as follows:

]EZ~n,t !

]t
5GZ~n,t !1CDZ~n,t !1DZ~n,t !, ~7!

]ED~n,t !

]t
5GD~n,t !1CZD~n,t !1CDD~n,t !1DD~n,t !.

~8!

Here EZ(n,t), ED(n,t): energy spectrum densities
GZ(n,t), GD(n,t): energy source functions, andDZ(n,t),
DD(n,t): energy sink functions, where subscriptsZ andD
denote the zonal-mean and disturbance components, res
tively. The energy conversion terms due to nonlinear int
actions areCDZ(n,t), CZD(n,t), andCDD(n,t). The term
CDZ(n,t) is the conversion to the zonal-mean energy ofn
T. Nozawa and S. Yoden
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9.
FIG. 10. Energy conversion functions averaged aroundt5150 ~a!, ~d!, ~g!, 440 ~b!, ~e!, ~h!, and 960~c!, ~f!, ~i! J.days for the same three runs as in Fig.
The average is taken for 50 J.days. Thick broken, dotted, and solid lines representCDZ(n,t), CZD(n,t), and CDD(n,t), respectively. The function
CDD(n,t) is shifted down andCDZ(n,t) up for clarity. Thin dotted lines are zero lines. Thin dot–dashed lines represent the wave numbersnf andnb(t).
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arising from the interactions between the disturbances,
resenting the mean zonal flow acceleration due to the me
onal flux of the relative vorticity for the disturbance comp
nents z* .16 The termCZD(n,t) is the conversion to the
disturbance energy ofn arising from the interactions be
tween the disturbance and the zonal-mean components,
resenting straining ofz* by the shear in the zonal mea
zonal flow.11 Finally, CDD(n,t) is a transfer of the distur
bance energy arising from the interactions~advection! be-
tween the other disturbance components. The te
CDD(n,t) only redistributes the disturbance energy betwe
different wave numbers, so that the sum(n52

N CDD(n,t) is
always identical to zero. The explicit formulation of the
terms is shown in Appendix A. Note that the energy sou
function for zonal componentsGZ(n,t) is set to be zero in
this study.

Figure 9 shows time–wave number sections
ED(n,t) andEZ(n,t) for typical three runs of #7, #10, an
#12 in the series II experiments. In the case of no rotat
~a!, the disturbance energy cascades towards the lower w
numbers as the time goes by, and the spectrum has a m
mum at the lowest wave numbern52 by t5600 J.days or
so. The zonal energy also cascades upward and the spec
has a peak atn52 after that time, consistent with the tim
evolution of@M # ~see Fig. 3!. For the experiment in groupB
~b!, on the other hand, the energy spectrum for the dis
bance components has a maximum around the wave num
Phys. Fluids, Vol. 9, No. 7, July 1997
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nb after t;200 J.days or so, and the distribution of it do

not change largely. Hence, the upward cascade of the dis
bance energy ceases aroundnb . The distribution of
EZ(n,t) is largely different from that without rotation: th
spectral components of the zonal energy, particularly in
low-wave number range of 2<n&nb , begin to increase
when the disturbance energy begin to accumulate around
wave numbernb . The zonal energy increases with time
several fixed components of the spectrum, consistent w
the robustness and the persistence of the meridional distr
tion of @M #, as seen in Fig. 3. For the run #12 in groupC
~c!, the time evolution ofED(n,t) andEZ(n,t) is rather simi-
lar to that in #10~b!. However, the energy upward casca
for the disturbance components is hard to occur because
wave numbernb is very close to the forcing wave numbe
nf . Hence,ED(n,t) has a maximum around the wave num
bernf for the whole integration period. The disturbance e
ergy penetrates into the low-wave number range of 15&n
&nb and the intensity of it varies with time in this rang
The number of the spectral components at which the zo
energy is dominant is larger than that in #10. Neverthele
the number of jets in #12 is not larger than that in #10,
shown in Fig. 6. In the present case of #12, the spec
amplitude of the zonal-mean components is successfully c
celled out in middle and low latitudes by the superpositio
2089T. Nozawa and S. Yoden
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so that the zonal band structure does not appear there
shown in Figs. 3 and 4.

The energy conversion termsCDZ(n,t), CZD(n,t), and
CDD(n,t) around three typical times oft5150, 440, and 960
J.days are shown in Fig. 10 for the same runs as in Fig. 9
the case without rotation~#7!, the disturbance energy force
at nf is transferred into the lower-wave number ran
throughCDD(n,t) at the beginning~a!, and it reaches the
lowest wavenumbern52 by t5440 J.days~b!. After the
intermediate stage~b!–~c!, the energy conversions betwee
the disturbance and the zonal-mean components also
place, and they are dominant in the low-wave number ra
of 2<n&7. The direction of the energy conversion vari
with time largely: from the disturbance to the zonal-me
components orvice versa, and this corresponds to the tem
poral variation ofEZ(n,t) in Fig. 9~a!. For the case in group
B ~#10!, on the other hand, the disturbance energy force
nf is transferred to the wave number range aroundnb , and
very little energy cascades into the range of 2<n&nb ~dot-
ted lines in~d!–~e!! as seen in Fig. 9~b!. At the intermediate
stage oft5440 J.days~e!, CDD(n,t) is positive aroundnb

while CZD(n,t) is negative there, indicating that the distu
bance energy accumulating aroundnb is converted into the
zonal energy. The termCDZ(n,t) is positive in the range o
2<n&nb , so that the transferred energy for the disturban
components is converted to the spectral components of
zonal energy, particularly to those in the low wave numb
range. At this formation stage, therefore, the disturbance
ergy is transferred from the forcing scale to the scale
cascade arrest, and then converted to the zonal energy. A
last stage of the time integration~f!, the termCDD(n,t)
which represents the redistribution of the disturbance ene
is small in all the wave number range, while the ener
conversion from the disturbance to the zonal-mean com
nents is dominant. Thus, the disturbance energy is conve
to the zonal energy directly from the forcing scale at t
maintenance stage. The energy conversions for the case
in groupC ~g!–~i! have some similar features as those
#10, but the scale separation between the scale of cas
arrest and the forcing scale is not sufficient. As a res
CDD(n,t) has significant values, even at the last stage of
time integration~i!.

Figure 11 shows the relative vorticity field for the di
turbance componentsz* and the zonal-mean zonal angul
momentum@M # at t51000 J.days for the same runs as
Figs. 9 and 10. In the case of no rotation~a!, the disturbance
vorticity field is homogeneous and isotropic. The vortex fi
ments are elongated in various directions insensitive to
distribution of @M #. For the experiment in groupB ~b!, on
the other hand, the disturbance vortices are elongated by
shear in the mean zonal flow in the whole sphere. This v
tex elongation with systematic alignment brings the inten
fication of the alternating easterly and westerly zonal je
and corresponds to the energy conversion from the dis
bance to the zonal-mean componentsCDZ(n,t), as seen in
Figs. 10~e! and 10~f!. For the experiment in groupC ~c!, the
disturbance vortices have nearly circular shape in middle
low latitudes, where the shear of@M # as well as the intensity
of it is not very large. Thus the zonal-mean flow is not i
2090 Phys. Fluids, Vol. 9, No. 7, July 1997
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tensified. In high latitudes, on the other hand, the vortic
elongated by the strong shear of@M #, and the circumpolar
jet ~or the polar vortex! is intensified.

IV. DISCUSSION

Nearly two decades ago, Williams17 studied the forced
two-dimensional~2-D! turbulence by assuming a longitud

FIG. 11. Relative vorticity field for the disturbance components~left! and
zonal-mean zonal angular momentum~right! at t51000 J.days for the same
three runs as in Figs. 9 and 10. Map projection is the same as in Fig.
T. Nozawa and S. Yoden
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nally cyclic boundary condition and an anisotropic forci
function, and he showed an impressive clear band struc
However, the zonality of the flow field he obtained is mu
stronger than that obtained for similar experimental para
eters using the full spherical model and the isotropic vortic
forcing function, as shown in Fig. 2~d!; thus, his result is
more or less influenced by his assumptions. Basdev
et al.18 did a few numerical experiments on the forced 2
turbulence on a full sphere, but they did not obtain suc
clear zonal band structure as shown in Figs. 2~d! and 2~e!
because of the smallness of the rotation rate and of the
troduction of low-wave number dissipation.

The alternating easterly and westerly zonal band str
ture was found in the experiments on a quasigeostrop
two-layerb-plane turbulence,14 as well as in the numerica
experiments on a 2-Db-plane turbulence.13 Both experi-
ments showed that the westerly flow is narrower and sha
than the easterly. A similar difference between the weste
and the easterly flow is also seen in Figs. 3–5. This diff
ence is a common feature both on ab-plane and on a rotating
sphere. Furthermore, in Fig. 3, we can see another differe
between the westerly and the easterly flows; several mer
of the westerlies take place but a merger of the easte
does not occur in the time evolution. Prior to a westerly flo
merger, easterly flows outside of the merging westerlies
come wide, the westerlies become close, and then, the m
ing event occurs~this is clearly seen in Fig. 3, #18!. Thus,
the trigger of the merging process seems to be the broa
ing of the easterly flow, which is a characteristic effect of t
disturbances in the shear flows as shown by Shepherd11 ~see
his Fig. 22!. The difference between the easterly and
westerly flows may be produced by meridionally propagat
Rossby wave packets, which may redistribute the zon
mean zonal angular momentum to maintain the band st
ture resulting in such a remarkable difference.

The zonal band structure is formed in early stages
then it becomes robust and persistent for the cases with
tation in groupB, as shown in Fig. 3. A supplementary e
periment with another random sequence for the vortic
source function~see Appendix B! shows that the band struc
ture is quite robust aftert;180 J.days or so for a large rota
tion rateV/VJ54.00 and a large forcing wave numbernf
579. However, the supplementary experiment also sh
that the position of the jets largely depends on the choice
the sequence of random numbers for the vorticity sou
function in the very early stages, although the number of
is nearly independent of the choice. Thus, it is difficult
predict the position of the jets.

In group B, vortex straining by the shear in the mea
zonal flow is dominant in the whole sphere, while relative
circular vortices are dominant in middle and low latitudes
groupC as seen in Figs. 7 and 11. This difference in the fl
field between groupB and groupC is arised from the degre
of the scale separation between the scale of cascade a
nb and the forcing scalenf . For the runs in groupB, nb is
much smaller thannf , thus the disturbance energy can ef
ciently cascade toward the low-wave number range. T
transferred disturbance energy accumulates aroundnb with
conserving a certain phase relationship; the disturbance
Phys. Fluids, Vol. 9, No. 7, July 1997
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tices are systematically elongated by the zonal mean z
flow. This systematic alignment intensifies the alternat
easterly and westerly zonal jets.11 On the other hand,nb is
nearly equal to or larger thannf for the runs in groupC, thus
the effect of rotation is important even in such a small sc
of the vorticity forcing. In this situation, the disturbance e
ergy inputted aroundnf is hard to cascade upward, and su
a systematic phase relationship as in groupB is not realized
due to the vorticity forcing, which obliges the energy to ha
a random phase aroundnf . This effect is enhanced by th
fact that the effectivenb is even greater at low latitudes tha
the globally averaged value. Hence, the alternating zo
band structure is not established in the middle and low l
tudes.

Yoden and Yamada19 showed the emergence of a stron
circumpolar vortex with easterly jet in the numerical expe
ments on decaying 2-D turbulence on a rotating sphere s
ing from many initial flow fields with the energy spectru
that has a maximum at a low wave numbern510. The wave
numbernb defined by Eq.~6! is roughly estimated to be 7.4
for their experiments withV5100, indicating that the scale
separation between the scale of cascade arrestnb and that of
the initial flow field (n510) is insufficient. Thus the emer
gence of a strong circumpolar vortex with an easterly jet
their experiments may be due to the smallness of the w
number where the energy spectrum initially has a maximu

The time integration is done only for the period of 100
J.days, during which time the zonal band structure is su
ciently established, as seen in Fig. 3. If the simulation
performed for a very long period beyond 1000 J.days,
intensity of the zonal flow may increase gradually. Hen
the shear in the mean zonal flow may increase, and at la
shear instability may take place. In such a situation, no
knows what happens and how the flow field is drastica
changed. Further investigation on this topic will be very i
teresting when computing facilities become available in
future.

V. CONCLUSIONS

A series of numerical experiments on the forced 2
turbulence on a rotating sphere were done with a hi
resolution barotropic model, which has the term of homo
neous and isotropic vorticity forcing. The formation of zon
band structures in the flow field was investigated by swe
ing two experimental parameters of the rotation rate and
forcing wave number, and a new flow regime was found w
a small forcing wave number and large rotation rate. T
process of the formation of the zonal band structure is st
ied by dividing the vorticity field and the spectral energ
equation into the zonal-mean and disturbance compone
The difference in the formation process was discussed on
basis of the degree of the scale separation between the
of cascade arrest and the forcing scale.

In the cases of no rotation~called groupA!, the stream-
function field shows a very large flow pattern that is char
terized by the total wave numbern52 because the energ
cascades upward to the lowest wave number. The easter
westerly flow dominates over a hemisphere and the zo
bands largely vary their positions with time, consistent w
2091T. Nozawa and S. Yoden
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the irregular movement of large coherent vortices in
streamfunction field. In the vorticity field, a lot of vorticit
patches with circular structure are dominant, the size
which is nearly equal to that of the forcing.

For the experiments with rotation~group B!, a zonal
band structure that consists of alternating easterly and w
erly jets becomes dominant in the flow field. The width
the jets decreases and the number of them increases a
rotation rate increases. The band structure is already disc
ible in the early stages of the time integration from the init
condition of no flow field, and it is robust and persistent f
the integration period of 1000 Jovian days. The easterly
become broad and gentle while the westerly ones bec
narrow and sharp. In the vorticity field, patches of large v
ticity are elongated by the shear in the mean zonal flow,
the vortex elongation with systematic alignment brings
intensification of the alternating easterly and westerly zo
jets.

For the experiments with small forcing wave numb
and large rotation rate~groupC!, the zonal band structure i
confined in high latitudes with the emergence of a circu
polar vortex with a strong easterly jet. The position of t
circumpolar easterly jets shifts into high latitudes as the
tation rate increases. Outside of the polar vortex, mean z
flow is weak westerly in middle and low latitudes, and nea
circular vorticity patches are dominant in the vorticity fiel

The difference in the formation process of the zon
band structure between groupB and groupC may be ex-
plained as follows. For the runs in groupB, the effect of
rotation is very weak at the forcing scale, thus the input
disturbance energy is transferred toward larger scales.
upward cascade of the disturbance energy ceases arou
characteristic wave numbernb at which the ‘‘b term’’ due to
planetary rotation is comparable to the nonlinear Jacob
term. The disturbance energy begins to accumulate aro
nb with conserving a systematic phase relation, which co
sponds to the straining of disturbance vortices by the shea
the mean zonal flow in physical space. Hence, the zonal b
structure of alternating easterly and westerly jets is es
lished and intensified by this systematic alignment of
elongated vortices. For the runs in groupC, on the other
hand, the effect of rotation is significant even at the forc
scale, thus the upward cascade of the disturbance en
hardly occurred. The phase relation of the disturbance is
systematic but scattered by the phase scrambling effect a
forcing scale. As a result, such clear zonal jets as in grouB
do not emerge in the middle and low latitudes.
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APPENDIX A: DERIVATION OF THE SPECTRAL
ENERGY EQUATIONS

Dividing c andz into zonal-mean and disturbance com
ponents and taking a zonal mean of the vorticity equation~1!
and a deviation from that, we can obtain the following equ
tions for the zonal-mean and disturbance vorticity:

]@z#

]t
1

1

a2
@J~c* ,z* !#

5@F#1
n

a2 H ]

]m S ~12m2!
]

]m D12J @z#, ~A1!

]z*

]t
1

1

a2
$J~@c#,z* !1J~c* ,@z#!%1

1

a2
$J~c* ,z* !

2@J~c* ,z* !#%1
2V

a2
]c*

]l
5F*1nS ¹21

2

a2D z* . ~A2!

Spectral energy equations for the zonal-mean and dis
bance components can be obtained by expanding each
of Eqs.~A1! and~A2! with spherical harmonics, multiplying
the complex conjugate of an expansion coefficient of
streamfunction, and, for the disturbance components, s
ming them with respect to a zonal wave numberm except for
m50:

]EZ~n,t !

]t
5GZ~n,t !1CDZ~n,t !1DZ~n,t !, ~A3!

]ED~n,t !

]t
5GD~n,t !1CZD~n,t !1CDD~n,t !1DD~n,t !.

~A4!

The exact representation of each term is written as follow

EZ~n,t !5
1

2

n~n11!

a2
ucn

0~ t !u2,

ED~n,t !5
1

2 (
m52n
mÞ0

n
n~n11!

a2
ucn

m~ t !u2,

GZ~n,t !5$cn
0~ t !%†Fn

0~ t !,

GD~n,t !5 (
m52n
mÞ0

n

$cn
m~ t !%†Fn

m~ t !1c.c.,

DZ~n,t !52n
n~n11!22

a2
EZ~n,t !,

DD~n,t !52n
n~n11!22

a2
ED~n,t !,

CDZ~n,t !5$cn
m~ t !%†I n

0~ t !,

CZD~n,t !5 (
m52n
mÞ0

n

$cn
m~ t !%†Cn

m~ t !1c.c.,

CDD~n,t !5 (
m52n
mÞ0

n

$cn
m~ t !%†I n

m~ t !1c.c.,
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wherecn
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and, (•••)† denotes the complex conjugate as well as
symbol c.c.

APPENDIX B: ROBUSTNESS AND PERSISTENCY OF
THE BAND STRUCTURE

In order to investigate the sensitivity of the zonal ba
structure to the random sequences of the vorticity forci
we perform a series of supplementary experiments fornf
579 andV/VJ54.00. A particular sequence of rando
numbers~denoted by^1&! was used in all the experimen
stated in the main text. In this experiment the sequence
random numbers is replaced to another one~^2&! after the
time tc J.days. Figure 12 shows the dependence of the zo
mean angular momentum att51000 J.days on the replace
time tc . The mean zonal angular momentum attc
51000 J.days is obtained using a full random sequenc
^1&, while that attc50 J.days is obtained with a full random
sequence of̂2&. The positions of easterly and westerly je
are largely different depending on the random sequence

FIG. 12. Dependence of zonal-mean zonal angular momentumt
51000 J.days on the replaced timetc of the sequence of random numbe
for vorticity source function~see the text!. nf579,V/VJ54.00.
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though the number of the easterly~or westerly! jets are not
very different~6–8!. If the sequence of random numbers^1&
is replaced aftert5180 J.days, the mean zonal angular m
mentum is almost unchanged; the zonal band structur
already formed by that time and it becomes insensitive to
choice of the sequence of random numbers after that time
high latitudes this timing is earlier than in middle and lo
latitudes; for example, the band structure is unchanged
tc>30 J.days in southern high latitudes. When the repla
time is very early~tc<10 J.days!, on the other hand, the
band structure is very sensitive totc .
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