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Abstract

Two numerical methods are presented for calculating rigorous upper bounds on the ﬁmte—amphtude
growth of barotropic instabilities to zonal jets on a rotating sphere.

One of the methods is based on Shepherd (1988)’s analytic method, which uses the conservation law
of domain-averaged psendomomentum density. A variational minimization problem is solved numerically
with a quasi-Newton method after discretization. The other is the authors’ original method to solve a
minimization problem under the constraints of the conservation laws of all Casimir invariants and total
absolute angular momentum. The convex simplex method, which has been used in operations research, is
applied to solve a quadratic programming problem.

The two methods are applied to estimate the upper bounds for several profiles of the initial unstable jet
and the bounds are compared with the results of non-linear time integrations from the unstable jet with a
high-resolution model (Ishioka and Yoden, 1994). The two bounds are found to be almost completely iden-
tical to each other. Evidence from high-resolution numerical experiments is that the bounds overestimate
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the actual wave-enstrophy achieved in numerical experiments by a factor of 1.2 to 2.3.

1. Introduction

Barotropic (or shear) instability of zonal jets is
an interesting subject not only of theoretical fluid
dynamics but also of dynamic meteorology because
several atmospheric phenomena are thought to be
caused by the instability such as the traveling waves
in the southern hemisphere upper stratosphere (see,
e.g., Hartmann 1983). When a zonal jet is barotrop-
ically unstable, disturbances grow exponentially to
have a finite amplitude. Ishioka and Yoden (1994,
hereafter referred to as IY94) numerically investi-
gated the non-linear evolution of a polar night jet
of which linear stability was originally investigated
by Hartmann (1983). In that study a question arose
naturally: “How large can the disturbances grow de-
pending on the initial state?”

Shepherd (1988) gave a general solution to this
kind of question. He presented a novel method to
obtain rigorous, full-non-linear upper bounds of the
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growth of the disturbances, and applied the method
to various zonal flow profiles to calculate the upper
bounds analytically. However, he did not bother
himself to get tighter bounds by numerical means,
since his interest lay in the theoretical side of the
problem. Thus, in this study, we explore numer-
ical methods to compute tighter bounds. A new
method is proposed in addition to an application of
Shepherd’s method. The obtained bounds for sev-
eral unstable polar night jets are compared with the
result of non-linear time integrations of 1Y94 and
that of additional experiments newly conducted for
this paper.

The governing equation and theoretical basis of
bounds are described in Section 2. The numerical
procedures are presented in Section 3, and the jet
profiles and non-linear time integrations we analyze
are described in Section 4. Results are given in Sec-
tion 5, discussion is in Section 6, and conclusions are
in Section 7.
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2. Basic equations and theoretical basis of
bounds

The system under consideration is non-divergent
two-dimensional flow on the earth, which flow is gov-
erned by the conservation law of the absolute vortic-
ity g(A, i, t) = ¢ + 2Qu following the fluid motion:

Dq _ 9q 1(81/18q aqpaq):O O

Dt~ 8t ' a2 \OXdu OudAr
where ((), p,t) is vorticity (¢ = VZ), ¥(\, p,t) is
the streamfunction, A is longitude, u = sing, ¢ is
latitude, t is time, o is the radius of the earth (=
6.37 x 10% m), Q is the angular speed of rotation of
the earth (= 7.29%x 1075 /s), and V?2 is the horizontal
Laplacian:
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In this system, the following three kinds of quanti-
ties are conserved: “Casimir invariant” Cy = [f(q)],
total absolute angular momentum D = [ug], and to-
tal kinetic energy E = [—31(], where f(q) is an ar-
bitrary function of g, and { ) and [( )] represent zonal
mean and latitudinal mean, respectively. That is,

_ 1 27 1 1 :
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Now we consider the upper bounds of the growth
of the disturbances. From the conservation law of
CY, total absolute enstrophy F' = [%qQ] is also an in-
variant. The total enstrophy F is divided into zonal

enstrophy. F, and wave-enstrophy F,:
F=F,+F,, (4)

F, = E—a] By = [—;-q_} , (5)

where ¢’ = g — ¢. In the following subsections, the
upper bounds to F,, are considered for the evolu-
tion from an initial g distribution which consists of
an unstable zonal state gy(p) and infinitesimal dis-
turbances.

a. An obvious bound

Considering only the conservation law of the an-
gular momentum D, a minimum of F, which could
be attainable is obtained by a simple calculation as
given in the Appendix:

3 3. _
(Fz)min - '2'D2 = 5[/‘“]0(#‘)]2' (6)
Then an obvious maximum bound Fy to the wave-
enstrophy F, is obtained from (4),
3
FO = (Fw)max =F - (Fz)min =F- §D2

- [30o0?] - 3ot )

Here the conservation law of a single Casimir F' as
well as that of the angular momentum D was used
to get the obvious bound Fp.
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b. Shepherd’s bounds

If we define the pseudomomentum density as fol-
lows:

4@0 =~ [ -v(@)an ©

then [A(Q, ¢)] becomes an invariant as described in
Shepherd (1987). Here, Q(u) is an arbitrary mono-
tonic function of y and Y () is its inverse function.
Note that the present notation of g is different from
Shepherd’s definition; the present g is identical to his
@ + q. When non-linear stability is considered, @ is
a ‘basic state’ and ¢ — @ is a finite-amplitude dis-
turbance. This conservation law is easily deduced
from the conservation laws of a single Casimir Cy
and D (see Mclntyre and Shepherd, 1987). For this
invariant, the following inequalities hold:

Vloin | 300~ @ < [A@.0)

=A@ < Wowe |50 - Q7]

Utilizing (9) and the following inequality for F,:

ro= |37 < 37+ [ja- 97
- [za=ar]. (10)

the bounding inequalities for F,, are obtained:

Fy < ml[A(Qﬂo)”
< B L@ - 7). ()

Now two bounds F; and F» for I, are obtained:

A= (g la-Q2]), )
Ry = min (4@ ) (19)

where min { ) is taken over arbitrary choices
of monotonic function @Q(p). Although Shepherd
(1987) had derived the inequality (11), Shepherd
(1988) utilized only the bound F;. Thus we call
the bound F; “original Shepherd’s bound”, and the
bound F, “revised Shepherd’s bound”. It is obvious
that F5 is tighter than F3.

c. A direct bound

In the Subsections 2.a and 2.b, we have used only
the conservation of angular momentum and a sin-
gle Casimir as a constraint. However, if the conser-
vation of all Casimir invariants is also included as
a constraint, (F})mi, must be larger than the esti-
mate of (6). That is, if we can examine all g(\, u)
distributions which are rearrangements of the ini-
tial distribution of g,(x) under the constraint of the
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conservation of D, a tighter bound will be obtained
as:

F3 = F — min(F,), (14)

where min () is taken over all the possible distribu-
tions of ¢g. Note that any Cf is conserved in the re-
arrangements of ¢ distribution. It is obvious that the
following inequalities hold for the bounds Fp, Fy, F3,
and Fj:

F,<F<F<F <k (15)
3. Numerical procedures

a. An obvious bound

To compute the obvious bound Fy, the values of
the invariants F and D must be calculated for a
given initial profile go(1). We compute the integra-
tion for 4 which appears in Eq. (7) using the Gauss-
Legendre quadrature formula (see Press, et al., 1992,
hereafter referred to as Numerical Recipes). The
number of the Gaussian latitudes we have used is
up to 100, which is sufficient for the gy(p) profiles
given in the next section.

b. Shepherd’s bounds

To calculate Shepherd’s bounds F; and Fj, the
variational minimization problems (12) and (13)
must be solved. For computation, we discretize the
monotonic function Q(y) into N straight segments
as

Q) = EE D = Vi) + Qi
(Yi—lglu‘gyvi) (i:1)27"')N)’ (16)
where @; = Q|u=v;. Since Q(u) must be monotonic

(we deal with a monotonically increasing function
Q(p); it is easy to apply the following discussion
to monotonically decreasing function), we introduce
parameters o; and 3; (¢ = 1,2,-- -, N) and represent
the nodes (Q;,Y;) by them as follows:

Qz-l—l Qi — Yiq1 - Y — B
Q; — Qz 1 ’ Y:i_}/;—l
(i=1,2,---,N—1), 17
_  ( gmin, —l-an) (an20)
(QO,YO) = ( Gmin + oN, —1 ) (aN < 0),
_ ( Gmax, 1+ 16 ) (ﬂN > O)
(Qn,YN) = ( Gmax — BN, 1 N ) (By <0),
(18)

where @min and gpmax are the minimum and maxi-
mum of go(p), respectively. Equation (18) comes
from the necessity that the domain of Q(u) and that
of its inverse Y (n) must include the domain [—1,1]
and [@min, @max), respectively. That is, the following
inequalities:
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QO < Gminy Qmax < QN7 Yy £ -1, 1 <Yy, (19)

must hold. The ends (Qo,Ys) and (Qn,Yn) can
move, satisfying the above constraints by changing
the values of an and By. Solving the Eq. (17)
simultaneously for given parameters (o;,5;) (¢ =
1,2,---, N —1) with the ends (Qo, Yp) and (Qn, Yn)
determmed by Eq. (18), the nodes (Q;,Y;) (i =
1,2,.-+,N — 1) are determined to satisfy the fol-
lowing inequalities:

Q<@ < - <Qn, o<1 <

Then the variational problems (12) and (13) are
translated into an unrestricted optimization prob-
lem for 2N variables («, ;) by representing the
nodes (@;,Y;) by them. Computing the integra-
tion for p in (12) or (13) with the Gauss-Legendre
quadrature formula, the optimization problem can
be solved by various numerical methods. We have
employed a library subroutine for the minimization
based on a quasi-Newton method (see Numerical
Recipes) for its quick convergence. The number of
segments (V) we have used is from 10 to,50. The
reason is that larger N does not necessarlly give
tighter bounds because the numerical optimization
may converge to a spurious local minimum when N
is too large.

- < Yn. (20)

c. A direct bound

Employing the Gauss-Legendre quadrature for-
mula as a discretizing method again, we divide the
whole sphere into M zonal bands: The area of each
band is set to be 2ra? - w; (j =1,2,---, M), where
wj is a Gaussian weight. Namely, the width of each
band is w; in p-coordinates. Now we consider move-
ment of an air parcel between the zonal bands dur-
ing the non-linear saturation process of barotropic
instability. Here, note that we do not assume a
zonally symmetric rearrangement. If we write the
area of air parcel that has moved from the initial
i-th band to the final j-th band as 27a? - ry; (1 =
1,2,---,M, 7 =1,2,---,M), r;; is subject to the
following constraints:

M
S orig=w; (j=1,2,---,M), (21)
=1
M
> rg=w; (i=1,2,---, M), (22)

ri; >0(E=1,2,---,M, j=1,2,---,M). (23)

Here, the constraints (21) and (22) mean the con-
servation of the area of parcels (or mass) and (23) is
required because the area can not be negative. The
same type of constraints appear in the transporta-
tion problem in operations research. Note that one
of the equations in (21) and (22) is automatically
satisfied if the other 2 M — 1 equations are satisfied;
that is, the dimension of the constraint is 2M — 1.
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Assuming the material conservation of g and using
rij, the zonal mean absolute vorticity in the final
state g; is represented as follows:

M

_ 1 .

Qj:EfZQiTij (G=12,---,M), (24)
I i=1

where ¢; = @o(u:) (1 =1,2,---, M). Then the con-
servation law of the angular momentum D is repre-
sented as:

1 15"
3 ijﬂjqj =D <= 2 Zwi#i%) ) (25)
=1 i=1

and the zonal enstrophy is written as:
14 1
F, =5 w;s (1) (26)
=1

Now the procedure to get the direct bound is com-
pleted; “minimize F, defined as (26) under the con-
straints (21), (22), (23), and (25), then the direct
bound (F3) is obtained by (14)”. This is a quadratic
programming problem which also appears in opera-
tions research. We have solved this problem numer-
ically employing the Convez Simplex Method (see,
e.g., Luenberger, 1973) for its robustness and sim-
plicity. The number of zonal bands M we used was
up to 100, which is sufficient for the g,(x) profiles
given in the next section.

4. Jet profiles and non-linear time integra-
tions

Two types of jet profiles introduced by Hartmann
(1983), which are idealization of polar night jets in
the stratosphere, are analyzed to compare the four
bounds F — F5 with the result of non-linear time in-
tegrations we have done in our previous work (IY94).
The two types of the profiles are defined as follows:

¢— ¢o>

1
tanh-type jet: Ug(¢) =U cos ¢ - 3 (l + tanh B

(27)

sech-type jet: Up(¢)=U cos ¢ - sech2—(—¢);—¢o), (28)

where U is a measure of the intensity of the jet, B
is its width, and ¢q is its position. The tanh-type
jet has a negative latitudinal gradient of zonal mean
absolute vorticity on the equatorward flank of the
jet axis, while the sech-type jet has that mainly on
the poleward flank of the jet axis. Then the initial
profile of zonal mean absolute vorticity g, (1) is given
as:

W) = 5 g (VI=#P) + 20 =

In the non-linear time integrations in IY94, an
artificial viscosity term was introduced on the right-
hand side of Eq. (1) to smooth numerical behavior:
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Dgq 9 2
E=V(V +¥>q, (30)

where the conservation law of angular momentum
requires the second term 2/a? in the parentheses.
Throughout I1Y94, the viscosity coefficient v was
fixed at a small constant which gives the dissipation
time-scale of 1 day at the largest total wavenumber
{n =170) in the model.

The viscosity term introduced above is a normal
one, with which the basic equation becomes the two-
dimensional Navier-Stokes equation. However, di-
rect comparison between the bounds and the result
of the numerical experiments becomes rather diffi-
cult, since the bounding theories described in the
previous section are for inviscid fluid. Therefore, we
have conducted additional experiments to emulate
inviscid fluid better with a hyper-viscosity term in-
stead of the normal viscosity term. The equation we
have used is:

D g\10
Fz = —Vp <V2 + ﬁ) q, (31)

where the hyper-viscosity coefficient v, is set to give
the dissipation time-scale of 0.01 days at the largest
total wavenumber. ,

The non-linear Eqgs. (30) and (31) are integrated
numerically from an initial state ¢ = go (1) +qa(\, 1),
where g is the intial zonal profile defined above and
ga(A, 1) is an initial disturbance defined as;

_ 1—e 26
aa(\ 1) = (eﬂ@wsg n_ T) , (32)

cos 8 = ppg + 1/ (1—p?)(1—pu2) cos(A—Ag). (33)

Here a and B are measures of the intensity and
horizontal extent of the disturbance, respectively.
The center of the disturbance is given by (A4, 1a)
and 6 is angular distance from the center. The
initial disturbance is a Gaussian-like smooth func-
tion on a sphere, which is easily confirmed because
qd — a(e—,@ez/z — l:%;—i) as § — 0. The second
term in the parentheses in Eq. (32) is required for
[ga) to be 0. We have chosen the initial disturbance
with small o and large 8, which gives nearly white
spectra in the wavenumber space, to investigate be-
havior of waves raised by the instability of the basic
zonal flow itself.

While the disturbance parameters were fixed as
a = 0.010,8 = 100, and (Ag, q) = (0°,sin45°)
in IY94, in the additional experiments three values
of pg = sin 30°,sin45°, and sin60° are used to ex-
amine the dependence of the results on the initial
disturbance.

The advection term is computed using a spec-
tral transform method with a triangular truncation
of T170. The fourth order Runge-Kutta method
is used for time integrations with an increment of
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Fig. 1. Comparison among the bounds Fi (friangles), F» (circles), and F3 (bullets) and the maximum
wave-enstrophy Fy {(open squares for normal viscosity and closed squares for hyper-viscosity). Each
value is normalized by the obvious bound Fy. (a): tanh-type jet with U = 180 m/s, B = 8°, and
¢o varying from 35° to 55°, (b): tanh-type jet with U = 180 m/s, ¢o = 45°, and B varying from
4° to 12°, (c): sech-type jet with ¢o = 60°, B == 20°, and U varying from 120 m/s to 240 m/s, and
(d): sech-type jet with U = 180 m/s, ¢o = 60°, and B varying from 10° to 30°. See the text for the

meaning of F; — Fy.

0.01 days. Wave-enstrophy F,, is computed in every
time-step during the integration period (100 days) to
determine (F,)max- Hereafter we refer to the maxi-
mum as Fjy.

5. Results

a. Comparison among the bounds

Figure 1 compares the bounds Fj, Fy, and F3,
with the maximum wave-enstrophy F, obtained in
numerical time integrations. Each value is normal-

ized by the obvious bound Fp. (a) and (b) are for
the tanh-type jet; (a): U = 180 m/s, B = 8°, and
¢o varying over the values 35°, 40°, 45°, 50°, and
55°, (b): U = 180 m/s, ¢p = 45°, and B varying
over the values 4°, 6°, 8°, 10°, and 12°. (c) and (d)
are for the sech-type jet; (c): ¢o = 60°, B = 20°,
and U varying over the values 120 m/s, 150 m/s,
180 m/s, 210 m/s, and 240 m/s, (d): U = 180 m/s,
¢o = 60°, and B varying over the values 10°, 15°,
20°, 25°, and 30°.
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Fig. 2. Comparison among zonal mean profiles of absolute vorticity. The dotted line is the initial profile
Qo (1), the broken line is Q(u) for the revised Shepherd’s bound and the g; profile that gives the direct
bound, and the solid line is the profile corresponding to the maximum wave-enstrophy in non-linear
time integrations. (a): tanh-type jet with U = 180 m/s, ¢o = 45°, and B =8°, and (b): sech-type
jet with U = 180 m/s, ¢o = 60°, and B = 20°.

To begin with, comparing the original Shepherd’s
bound Fj (triangles) with revised Shepherd’s bound
F; (circles), the revised bound is much tighter than
the original bound for all parameter ranges. In par-
ticular, the difference between these two bounds is
remarkable in (c); the original bound F gets larger
with U, while the revised bound F5 is nearly con-
stant with U. In (b) and (d), the original bound
becomes equal to the obvious bound when the jet is
narrow (i.e. B =4° and 6° in (b) and B = 10° and
15° in (d)). On the other hand, the revised bound
gives a tighter bound, even in these cases.

Secondly, let us compare the revised bound Fp
with our direct bound F3 (bullets). Surprisingly, the
two bounds are almost completely identical within
the relative difference of 0.5 % for all parameter
ranges shown in Fig. 1. This difference seems due
to the finite values N and M in the numerical dis-
cretizations.

Finally, let us compare these bounds with the re-
sult of non-linear time integrations. The maximum
wave-enstrophy Fy in the experiments of normal vis-
cosity (open squares) is smaller than that in the
hyper-viscosity experiments (closed squares) in par-
ticular for the sech-type jet, (c¢) and (d). This is
because the growth rate of unstable modes for the
sech-type jets is so small that the effect of viscosity
cannot be neglected. Therefore, hereafter we refer
to (Fi)max as the largest of the three of the hyper-
viscosity results. In all parameter ranges in Fig.
1, revised Shepherd’s bound and the direct bound
give good estimates of the dependence of (F4)max On

the external parameters which determine the initial
jet profiles, although these bounds exceed (Fy)max
by a factor of 1.2 to 2.3 except for the cases of
weak instability: the tanh-type jet with B = 10°
and 12° in (b). In particular, the maximum wave-
enstrophy is very close to the bound in (c), where
F3/(Fy)max ~ 1.3 for all five values of U.

b. Meridional profiles of zonal mean absolute vortic-

ity

Figure 2 shows the meridional profiles of zonal
mean absolute vorticity for the tanh-type jet with
U = 180 m/s, ¢9 = 45°, and B = 8° (a), and for
the sech-type jet with U = 180 m/s, ¢p = 60°, and
B = 20° (b). The initial profile Gy(x) has negative
dgo(n)/dp, as shown by a dotted line. The solid
line is the g(u) profile that corresponds to (Fjy)max,
which is achieved by the initial disturbance with
1tg = sin60° for the tanh-type jet and pg = sin30°
for the sech-type jet. Note that the initial nega-
tive dgg(p)/dp disappears in almost all the latitudes.
The Q(u) profile for the revised Shepherd’s bound
(dashed line) is almost completely identical to the g;
profile that gives the direct bound (it looks like the
same dashed line). This is also an interesting result
because there is no a priori reason why they should
agree. These two profiles have a positive gradient in
all the latitudes and give an estimate of g(u). Cor-
responding to the closeness between the maximum
wave-enstrophy and the bound in Fig. 1, the real-

ized profile is very similar to the g, profile for the
sech-type jet (b) while it is not the case for the tanh-
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type jet (a). A straight segment appears in Q(u) (or
qj) profiles in both cases and its latitudinal gradient
has a maximum value there. The existence of such
a straight segment is predicted mathematically by
Haynes for the Shepherd’s bound (see Appendix C
in Shepherd (1988)).

6. Discussion

The most interesting result in the previous section
is the identity between the revised Shepherd’s bound
and our direct bound. Such an identity is seen not
only for the profiles analyzed in this paper but also
for other profiles such as go(p) = asPs{u) + 2Qu,
which is one of the simplest profiles that can be un-
stable. Here, P3(u) is a third-order Legendre poly-
nomial (see the Appendix for its definition) and a3
is its coefficient. This implies that the revised Shep-
herd’s bound gives the tightest bound under the con-
straints of the conservation of all Casimir invariants
and total angular momentum. However, the proof
of the above conjecture is a problem to be solved
in further investigations. If the above conjecture
always holds, the revised Shepherd’s bound is more
economical in computation of the bound because the
number of variables in the computation of the Shep-
herd’s bound (2N) is much smaller than that of the
direct bound (M?2) when N ~ M > 1. Further-
more, our choice of representation in the computa-
tion of the Shepherd’s bound is contributing to the
economy because the Q{u) profile can be represented
well by small number of nodes (Q;,Y;) owing to the
nature that the Q(u) profile which gives the bound
should have a straight segment, as shown in Fig. 2.

Another problem we have to discuss here is the
difference between the revised Shepherd’s bound (or
our direct bound) and the maximum wave-enstrophy
in the non-linear time integrations. There are four
possible reasons for the difference: (1) The bound
is still loose because the energy conservation is not
included as a constraint. (2) The artificial hyper-
viscosity term in Eq. (31) for the non-linear time
integrations may prevent the wave-enstrophy from
having a true maximum. (3) The wave-enstrophy
need not attain the maximum value estimated in
the bounding theories. (4) The prescribed initial
disturbance may not be optimal for disturbances to
grow. By the aid of the additional experiments we
can rule out the possibility (2) because the decay of
the total enstrophy is too small to fill the gap be-
tween the bound and the maximum wave-enstrophy
in the experiments with the hyper-viscosity. For ex-
ample, the decay is 0.19 % of Fy while F3—(F4)max is
29 % of Fy for the tanh-type jet with U = 180 m/s,
¢o = 45°, and B = 8°. Next, let us consider the pos-
sibility (4). Since it is impossible to examine “all”
kinds of initial disturbances, we cannot remove the
possibility. However, the dependence on the initial
disturbance in the three experiments seems so small

K. Ishioka and S. Yoden 173

that it is not imaginable that there would be a spe-
cial kind of initial disturbance which can take the
disturbance up to the bound. Now two possibili-
ties, (1) and (3), are left. To make sure which is
the most important reason, a new method for es-
timating bounds with the constraint of the energy
conservation must be developed. Energy conserva-
tion may hold a key to explain why the bound is
very tight for the sech-type jets while it is not for
the tanh-type jets. Furthermore, the bound on en-
ergy is more suitable than that on enstrophy, since
a certain amount of the decay of the total enstrophy
is inevitable for the experiment to be valid, what-
ever numerical method is used. This energy bound
will be obtained if we can develop the method to
include energy conservation, which is also a difficult
problem we would like to try to solve in our future
work.

7. Conclusions

Numerical methods to compute Shepherd (1988)’s
rigorous upper bounds on the finite-amplitude
growth of barotropic instabilities to zona¥ jets were
explored and a novel method was presented to ob-
tain a “direct” bound which includes the conserva-
tion law of all Casimir invariants and total absolute
angular momentum as the constraints. The con-
vex simplex method was applied for our numerical
method.

These methods were applied to an instability
problem of polar night jets in the stratosphere pro-
posed by Hartmann (1983). The upper bounds were
obtained for several profiles of the initial unstable jet
and compared with the result of non-linear time in-
tegrations by Ishioka and Yoden (1994) and several
additional experiments. Revised Shepherd’s bound
was found to be almost completely identical to our
direct bound, which implies that the revised bound
gives the tightest bound under the constraints of
the conservation of all Casimir invariants and total
angular momentum. The revised bound and our di-
rect bound give good estimates of the dependence
of the maximum wave-enstrophy obtained in non-
linear time integrations on the external parameters
which determine the initial jet profiles.
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Appendix

Derivation of the obvious bound
Using a Legendre expansion, a zonal profile g{u)
can be represented as:

(oo}
q(ﬂ) = Z an Py (:u')a (34)
n=1
where P, (u) is a Legendre polynomial defined as:
V2n+1d* "
_vanr-o 9 2 =1,2,---).(35
Pal) = Vg S (A1), (n=1,2,+).(39)

In Eq. (34), the summation starts from n = 1 not
n = 0 because [g] must be 0 on the spherical do-
main. The Legendre polynomial P,(u) satisfies the
following orthogonal relationship as: .

1
% [-1 Pm(.u‘)Pn(:u)d/" = bmn, (36)

where 6y is Kronecker’s delta. Then, F, is repre-
sented by a, as:

1 -1“
thﬂ=52ﬁ- (37)
n=1
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Since P;(p) = v/3u, D is represented as:

D=mm=§?b (38)

From Egs. (37) and (38), F, takes the minimum
value under the conservation of D when a; = /3D
and an(n #1) =0 as:

1, 3

Fz = 50,1 = §D2 (39)

References

Hartmann, D.L., 1983: Barotropic instability of the po-
lar night jet stream. J. Atmos. Sci., 40, 817-835.
Ishioka, K. and S. Yoden; 1994: Non-linear evolution
of a barotropically unstahle circumpolar vortex. J.

Meteor. Soc. Japan, 72, 63-80.

Luenberger, D.G., 1973: Introduction to Linear and
Nonlinear Programming, Addison-Wesley, 356pp.
MclIntyre, M.E. and T.G. Shepherd, 1987: An exact lo-
cal conservation theorem for finite-amplitude distur-
bances to non-parallel shear flows, with remarks on
Hamiltonian structure and on Arnol'd’s stability the-

orems. J. Fluid Mech., 181, 527-565. .

Press, W.H., B.P. Flannery, S.A. Teukolsky and
W.T. Vetterling, 1992: Numerical Recipes in FOR-
TRAN: the art of scientific computing — 2nd. ed.,
Cambridge University Press, 963pp.

Shepherd, T.G., 1987: Non-ergodicity of inviscid two-
dimensional flow on a beta-plane and on the surface
of a rotating sphere. J. Fluid Mech., 184, 289-302.

Shepherd, T.G., 1988: Rigorous bounds on the non-
linear saturation of instabilities to parallel shear
flows. J. Fluid Mech., 196, 291-322.

IBERREC & BBEOFTHED LRR% KD 2 BUBME %

aflE—
(REERFERFBEBER )
FHEMKSE

(FERFRERBEEH R )

HKELOWRY = v F OMEEAREIC X 5 EEL O

FHEZRRL7,

I LT, L EREZ RO 5 “HEEOBIER

#MD—Dl%, Shepherd (1988) DFEICET { b DT, BT IN L EEHEFEORGFLFRETSL D
DTHb, TITIE. BERILICE Y, BEHR/MERER - 2 — P Y EZ AV CBENIIHR TV S, b
3 —DiF, FEELOMEDFET., TXTOH Y I —VAEEB IV LM AE BEORFEIS»L 25K
Bob L TR/MEEEEZMDDTH S, 22 TIE, 2RETEME LM DI, ARV - a v X )
Y—F BT —FETHEMI YTy 2 REFFHL TV A,

NG ZHEEOFEEVOPOREELEY 2 v PAMICEHA L T LRELZ RO, 20 LRELY. AL
EhT v bh5OERBRERESEIEROBIET T VIC X o THHE L 724 E (Ishioka and Yoden,
1994) & BB L 72, ZORER. BONIZHEEO ERERIZEACERICEL L, T, InbHOLERE
BHEEBROKERD 1205 23ORBEY 252562 & Fbhol,




