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Abstract

Non-linear evolution of a barotropically unstable circumpolar vortex, which is an idealization of the
polar night jet in the stratosphere, is investigated by numerical time-integrations of a full non-linear
vorticity equation over wide ranges of several external parameters of the jet. Some non-linear features
which cannot be expected in the linear stability analysis are obtained in the time-integrations.

Two types of stabilization processes are found in diagnosis of the non-linear evolution with daily
maps of the absolute vorticity field: The negative gradient of absolute vorticity on the equator-ward
side of the jet disappears owing to the vorticity mixing by the growth of thin vortex filaments in
middle latitudes, while the negative gradient on the poleward side of the jet disappears owing to the
equator-ward displacement of the polar fluid with low absolute vorticity.

Decrease of dominant waveriumber is observed in the non-linear phase of the evolution for wide
parameter ranges. An eastward-propagating wave of zonal wavenumber 2 becomes dominant after the
stabilization of the circumpolar vortex that is unstable in middle latitudes, even if the exponential
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growth rate of this wave is not the largest in the linear stability analysis.

1. Introduction

Tracer transport and mixing processes in the
stratosphere are currently important and interest-
ing subjects in dynamic meteorology in connection
with the ozone hole problem (e.g., McIntyre, 1989,
1990; Holton, 1989). To investigate the mixing pro-
cesses in detail, high-resolution barotropic models
have been used as the most simplified system since
Juckes and MclIntyre (1987) studied non-linear evo-
lution of a circumpolar vortex disturbed by forced
planetary waves of zonal wavenumber 1. They ob-
tained clear evidence of breaking planetary waves
and isolation of fluid inside the vortex from the sur-
roundings. Further experiments on the dynamics of
the polar vortex have been done with several kinds of
two-dimensional models; in particular, Polvani and
Plumb (1992) and Yoden and Ishioka (1993) made
a “methodical sweep of parameter space” to investi-
gate the sensitivity of the evolution of isolated vor-
tices to experimental parameters using the method
of Contour Dynamics/Contour Surgery (CD/CS)
and a traditional spectral transform method, respec-
tively.

Al of the studies mentioned above are concerned
with barotropically stable vortices. On the other
hand, Dritschel and Polvani (1992) derived the con-
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ditions for the instability of strips of vorticity on the
surface of a sphere and illustrated the fully devel-
oped stages of the instability by a direct numerical
simulation with the CD/CS method. They investi-

" gated the roll-up of vorticity strips and obtained the

following conclusions; 1) Bands or filaments of vor-
ticity have a more pronounced tendency to roll-up
on a sphere than on a plane. 2) Polar vortices are
largely ineffective in preventing roll-up instability,
particularly in equatorial regions. Although their
results give a good theoretical guide for the behav-
ior of filaments of vorticity, those are a little distant
from the real atmosphere because the initial vortic-
ity distribution used by them is too simple (piece-
wise constant for the CD/CS method).

In this paper, thus, we investigate the vorticity
mixing at the non-linear phase of the barotropic in-
stability of an idealized polar night jet, wind profile
of which was introduced by Hartmann (1983), with
a high-resolution spectral model. The instability of
the polar night jet is considered to be a possible
cause of eastward-moving planetary waves observed
in the stratosphere (Hartmann, 1983). Several ex-
tensions of the linear stability analysis have been
done to investigate the relationship between the in-
stability and the eastward-moving planetary waves
(Manney, Nathan and Stanford, 1988, 1989; Man-
ney, Mechoso, Elson and Farara, 1991). These stud-
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ies showed the linear unstable modes have similar
properties to the observed eastward-moving waves.
However, to our knowledge, there are few studies on
the non-linear phase of the instability at which the
linear unstable modes grow to have a finite ampli-
tude and non-linear interactions become important,
except for the work by Kwon and Mak (1988). They
investigated the non-linear phase of the instability
in a B-channel as a general problem but had no ap-
plication to the polar night jet.

Our model and experimental procedure are de-
scribed in Section 2. Results of linear stability anal-
ysis and non-linear evolution are given in Section 3.
Discussion is in Section 4 and conclusions in Sec-
tion 5.

2. The model and initial jet profiles

The system under consideration is non-divergent
two-dimensional flow on the earth, which flow is gov-
erned by the vorticity equation in the form

Dg _0qa 1 (90 0Y5q
Dt — 8t  a2cosp \OXOp Do O

'zy(v2+a32)q, (1)

where g()\, ¢, t) = V2)+2Q sin  is the absolute vor-
ticity, (A, ¢, t) the streamfunction, A the longitude,

¢ the latitude, ¢ the time, a the radius of the earth.

(= 6.37 x 10° m), Q the angular speed of rotation of
the earth (= 7.29 x 107°/s) and V? the horizontal
Laplacian:

s 1 1. &? 1 2 0
M A A G
The right hand side of Eq. (1) is an artificial vis-
cosity term introduced to smooth numerical behav-
ior, where the conservation law of angular momen-
tum requires the second term of 2/a?. If we take a
limit of the viscosity coefficient »— 0 , then Eq. (1)
states the material conservation law of the absolute
vorticity following fluid motion. Throughout this
study, we fix the viscosity coefficient v at a small
constant which gives the dissipation time-scale of 1
day at the largest total V\;avenumber (N =170) in
a“/AN(N+1) -2

N =2)
x 104m2s ™ '. As described below, we consider sev-
eral jets, the peak wind speed (V') and the width (L)
of which are of the order of 10° m/s and 5 x 10% m,
respectively. Then a typical value of the Reynolds
number Re =V L/v is of the order of 3 x 104, which
means that the viscous effect is not important.

The initial jet profiles considered in this paper are
the same two types used by Hartmann (1(983):

our model. That is, v =

tanh type jet:
1 _
() =Ucosyp - 3 (1 + tanh %) , (3)
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Table 1. The e-folding time 7;(a) and the pe-
riod 7-(b) in days for all unstable modes
obtained in the linear stability analysis for
the tanh type jet with U =180m/s, B =
8°, and g varying from 35° to 55°. m is
the zonal wavenumber. The most unstable
mode is denoted by boldface in (a).

(a)
m
wol°] 2 3 4 5
35 486 1.11 1.11 1.85
40 565 1.20 1.34 3.14
45 361 .1.834 1.76 186
50 3.01 1.59 290 —
55  2.87 2.10 131 —
(b)
m
wo[°] 2 3 4 5

35 397 3.96 214 149
40 237 386 214 151
45 176 3.76 214 1.53
50 14.2 367 216 —

55 120 3.62 219 —

sech type jet:

2(¢ — o)

B @)
where U is a measure of the intensity of the jet,
wo the position of it, and B the width of it. Note
that the meanings of ¢ and B are different for each
profile. Values of the parameters used in this study
are identical to those in Hartmann (1983) and the
profiles are illustrated in Figs. 5 and 6 for the tanh
type jet and in Figs. 10 and 11 for the sech type jet.
The tanh type jets have negative latitudinal gradient
of zonal mean absolute vorticity on the equator-ward
flank of the jet axis, while the sech type jets have
that on the polar flank of it.’

The linear stability of the jets is re-examined un-
der the existence of the viscosity term in Eq. (1) with
the same spatial resolution as our non-linear model.
The stability of a basic zonal flow of () to an
infinitesimal disturbance ¢/(\, ¢,t) is investigated
with a linearized form of Eq. (1) for the disturbance:

9 U O 2y 1 dgo 0y
Ot acosp O a2 cosp dp O
2
=y (V2 -+ 55) V27/)I, (5)

To(@) = Ucos g - sech

where g, = —ﬁw%(cos YUg) + 2Qsinp. If we

assume the disturbance ¢’ to take the form;

N
’l,b/(A’ w, t) = Re { Z W,;npﬁn(sin (p)ei(m)\—o-t)} ,
(6)
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Fig. 1. Evolution of the domain-averaged kinetic energy associated with the zonal flow and Waves 1, 2, 3,
and 4 for the standard case of the tanh type jet: U = 180 m/s, o = 45°, and B = 8°.

we finally obtain an algebraic eigenvalue equation.
Here P is the associated Legendre functions de-
fined as; :

\/(2 +1) (n+m) CU% 0%

m)! 2nnl
dn-l-m

X i (L= )™ (7)

The eigenvalues {0} and corresponding eigenvectors
of the coefficient matrix are obtained by the QR
" method. ,

The non-linear Eq. (1) is numerically integrated
from an initial state ¢ = Gu(w) + ga(A, ), where
Gy is the initial basic zonal flow defined above and
ga(), @) is an initial disturbance defined as;

cos & = sin g sin 4 + cos ¢ cos pgcos(A — Ag). (9)

Qd(/\, (P) = (eﬂ(cos #-1)

Here o and  are measures of the intensity and
horizontal extent of the disturbance, respectively.
The center of the disturbance is given by (Ag, ©q).
We have chosen the initial disturbance, which is a
Gaussian-like smooth function on a sphere and has
nearly white spectra in the wavenumber space for
large (3, to investigate behaviors of waves raised by
the instability of the basic zonal wind itself. As long
as the intensity o is small enough and the param-
eter (B is large enough, the results we obtain are
insensitive to the initial disturbance. Throughout
this study the disturbance parameters are fixed as
a=0.01Q, 8 =100, and (A4, pg) = (0°,45°).

The advection term is computed using a spectral
transform method with a triangular truncation of
T170. The Runge-Kutta-Gill method is used for
time-integrations with an increment of 0.01 day.

- 3. Results

a. Tanh type jet

Table 1 shows the e-folding time 7; =1 / Im(c) and
the period 7, = 2 /Re(o) of all the unstable modes
of wavenumber m for the tanh type jet with U = 180
m/s, B =28° and various values of g. Our results
agree with those by Hartmann (1983, Table 4) ex-
cept for some critical cases in which 7; is large (or, .
o; ~ 0). The low-latitude jet (pp = 35°) favors the
growth of high wavenumbers (m = 3, 4, 5), while the
high-latitude jet (wg = 55°) favors low wavenumbers
(m=2, 3). For high wavenumbers (m =3, 4, 5), 7
increases as g increases and vice versa for m = 2.
Note that Wave 3 has the largest linear growth rate
for all ¢g. Period of the unstable waves (7;.) is not
very sensitive to g except for m = 2.

Non-linear evolution of the unstable circumpolar
vortex is investigated firstly for the standard case of
the tanh type jet with U = 180m/s, ¢ =45°, and B
= 8°. Figure 1 shows the evolution of the domain-
averaged kinetic energy of the zonal flow and four
largest wave components defined as;

1 (™21 |dgy|?
zonal :  Ep(t) = 1 /_ o 2| o cos pdy
1 7!'/2
wave: En(f) = —/
2 —/2 )
2, 1 |d¥y
(aﬁcosgcp! ol +E§' dip 1 )cosmpdgo
» (m = 1; 27 ot )
27 )
g—fm((P’t) = o= w()‘a(p:t)e_zm/\d)‘

2n
(m:051’2"”>

After initial adjustment to the unstable modes, each



66 Journal of the Meteorological Society of Japan Vol. 72, No. 1

«‘(c) ‘ 1800 90Y O (b? ‘ . day 10 (c¢) day 30

Fig. 2. Evolution of the absolute vorticity (¢) field for the standard case of the tanh type jet: U = 180
m/s, wo = 45°, and B = 8°. The contour value is scaled by Q and dark shading corresponds to high

q. Lambert equal area projection is used only for a hemisphere (¢ > 0°). Meridians and parallels are
shown every 30°.

(a) (50 -d0y 10 (b) day 11 (c) day 12

2709 -190°

(e) day 14

Fig. 3. Day-to-day variation of a limited number of contours of the absolute vorticity (g) field for the
standard case of the tanh type jet (Day 10-Day 15). The black area is for ¢ > 1.5Q and the gray area
for 0.750 < g < 1.50Q.
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(b)

2709 500

day 37 (¢)

Fig. 4. Same as Fig. 3 except for Day 36-Day 44.

unstable wave, Wave 2, 3, and 4 (Wave 5 is not
shown), grows exponentially until Day 10 or so with
the rate expected in the linear analysis (Table 1).
Afterward, however, non-linearity becomes impor-
tant. After Day 7, Wave 1 starts growing owing to
wave-wave interactions. The exponential growth of
Wave 3 halts by Day 14, while Wave 2 keeps growing
to exceed Wave 3 at Day 36 and has its maximum
at Day 41. The Wave 2 is dominant until the end of
the integration, Day 100.

Evolution of the absolute vorticity field ¢(X, ¢, t)
is shown in Fig. 2. Initially, a zonal band of low ¢ ex-
ists around ¢ = 40° (a). The band evolves into three
isolated areas of low ¢ until Day 30 corresponding to

the growth of Wave 3 (b, ¢). The growth of Wave 2
distorts the arrangement of the three low ¢ areas at
Day 40 (d), and leads to the formation of filament
structures in middle latitudes at Day 50 (e}. Finally,
the fine filaments of absolute vorticity are smoothed
out owing to the viscosity and the circumpolar vor-
tex becomes nearly zonally symmetric except for the
distortion by Wave 2 (f). At this time the absolute
vorticity is an almost monotonically increasing func-
tion with latitude in all longitudes.

Day-to-day variations of a limited number of con-
tours are investigated to show the mixing process of
absolute vorticity in detail. Figure 3 shows the for-
mation of the three isolated areas of low g from Day
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Fig. 5. Sensitivity of the evolution to the latitudinal position parameter wo varying from 35° to 55° for the
tanh type jet with U = 180 m/s and B = 8°. left: @ profile at Day 0 (dotted line) and Day 100 (solid
line), center: g profile, right: evolution of the zonal and wave energy.
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Table 2. Same as Table 1 except for the sensitivity to the width parameter B of the jet; U = 180 m/s and

wo = 45°.
(a)
-
B 2 3 4 5 6 7 8 9 10
4 1.17 0.563 0470 0.453 0.479 0.553> 0.734 1.14 13.5
6 1.80 0.818 0.784 0.980 1.84 — — — —
8 3.61 1.34 1.76 18.6 — — — — -—
10 64.9 3.02 — — — — — — —
2 - - - U —
(b)
v m
BF] 2 3 4 5 6 7 8 9 10
12.1 3.29 1.94 1.39 1.09 0900 0.767 0.675 0.594
1114 — — — —

4

6 146 3.51 2.03 1.45
8 176  3.76 2.14 1.53
10 - 211 4.05 — —

10 to Day 15. During the growth of Wave 3, the
white band of low ¢ stagnates at three longitudes
(a—c). These stagnation regions are separated into
three isolated areas owing to the viscosity (d) and
roll themselves up into three isolated vortices (e, f).
The process through which Wave 2 dominates
over Wave 3 from Day 36 to Day 44 is diagnosed
similarly in Fig.4. At Day 36 (a), the Wave 3 pat-
tern of the main polar vortex (Fig. 3f) is distorted
by Wave 2, and the three isolated areas of low ¢ are
not spaced equally in longitude. Wave 2 is dominant
in low latitudes. One of the isolated areas of low ¢
around A ~ 180° (labeled 1) moves eastward quickly
(b). Since the low g area (labeled 1) has clockwise
circulation in near fields, another low ¢ area (labeled
2) is stretched around A ~ 270° (c) and the formed
filament -is cut off (d). The filament is smeared out
by the viscosity (e). The remainder of the cut-off low
q area (labeled 2) around A ~ 45° in (d) approaches
the third one (labeled 3) and stretches it around
A~ 90° (e, f). These catching up processes occur
successively to make complicated filament structures
(g—i). Note that the thin filaments of low ¢ are piled
up at two longitudes around A ~ 150° and 330°,
corresponding to the predominance of Wave 2 (i).
Similar time-integrations are done for other val-
ues of the latitudinal position parameter ¢g. Fig-
ure 5 shows the initial and final profiles of zonal
mean flow T and zonal mean absolute vorticity ¢ as

well as the evolution of the domain-averaged energy
of zonal and wave components for five values of ¢g
listed in Table 1. The middle of the figure (c) is
for the standard case already shown above. As the
parameter g increases, maximum value of the ini-
tial @ decreases and latitude of the maximum moves
poleward (dotted line in the left column). The cor-
responding initial § is not monotonic with latitude
(the center column), satisfying the necessary con-
dition for barotropic instability (Kuo, 1949). The
latitudes of negative dg/dy|t=¢ also moves poleward
as g inceases.

These unstable circumpolar jets at the initial state
are stabilized by the vorticity mixing in middle lati-
tudes. As a result, § is nearly constant in the mixing
latitudes and becomes an almost monoctonically in-
creasing function at the end of the evolutions. The
latitudinal gradient of w decreases in middle lati-
tudes corresponding to the change of § profiles. Con-
trarily, @ and § change little out. of the mixing lati-
tudes.

The evolutions of each energy (the right column)
give information on the dominant wavenumber in
linear and non-linear phases. The evolutions are
very similar in the cases of high-latitude jet (d, €)
and the standard case (c¢): The energy of Wave 2
exceeds that of Wave 3 in the non-linear phase, al-
though the exponential growth rate of Wave 2 is
smaller than that of Wave 3 in the linear phase.
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Fig. 6. Same as Fig. 5 except for the sensitivity to the width parameter B varying from 4° to 12° for the

tanh type jet with U = 180 m/s and o = 45°.

100




February 1994

Table 3. Same as Table 1 except for the sech
type jet with B =20° ¢e=60° and U
varying from 120 m/s to 240 in/s.

(a) (b)
m m

U [m/s] 1 2 U [m/s] 1 2
120 8.88 18.2 120 4.72 251
150 7.02 11.0 150 3.67 1.97
180 5.90 7.96 180 3.00 1.62
210 5.13 - 6.26 210 2.53 1.38
240 4.57 5.17 240 219 120

Wave 2 is dominant at the end of the evolution for
these cases. An excess of the energy of Wave 2 is
observed even in the case of ¢y = 40° (b) for a
short period. Only in the lowest latitude case of
o = 35° (a), Wave 3 is predominant through the
evolution. The ¢ field analysis is also done for these
experiments (not shown). For the three evolutions
in which the Wave 2 becomes dominant (c—e), the
formation of vorticity filaments due to the catching-
up processes of three low ¢ areas are observed in the
similar way as shown in Figs.2, 3 and 4. On the
other hand, the catching-up processes are not ob-
served clearly in the low-latitude jet cases (a, b), al-
though similar three isclated low ¢ areas are formed
as shown above.

Sensitivity of the linear stability and non-linear
evolutions to the width parameter B is also investi-
gated for the tanh type jet.

Table 2 summarizes the linear stability analysis
for the jet with U = 180m/s, ¢g = 45°, and B vary-

K. Ishioka and S. Yoden
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ing over the values 4°, 6°, 8°, 10°, and 12°. For
the narrowest case of B =4°, the circumpolar jet is
unstable for many zonal wavenumbers of m = 2, 3,
-++, 10. The number of unstable modes decreases
as the width parameter increases. When B =12°,
the jet is stable. The wavenumber of the most un-
stable mode becomes small as the width of the jet
increases; Wave 5 is most unstable for B = 4°, Wave
4 for B = 6°, and Wave 3 for B = 8° and 10°.

Figure 6 shows the dependence of evolutions on
the width parameter B. The middle of the figure
(c) is the standard case again. The negative gra-
dient of the initial g profiles in (a)—(d) disappears
owing to the vorticity mixing by the unstable waves
as in Fig. 5. However, the change of g profile in (e)
is solely due to the viscosity, because the jet is sta-
ble. For the narrow jet cases of B =4° and 6° (a, b),
the competition of the unstable waves occurs simi-
larly to the standard case (c); the energy of Wave
2 exceeds that of Wave 3 and 4 which have larger
growth rates initially. In the narrowest jet case (a),
the competition is very complicated because there
are many unstable modes (see Appendix for the g
field analysis of the narrowest case). For a wide jet
case of B=10° {d), such a competition is not seen;
only Wave 3 grows to be equilibrated with the zonal
mean flow, and the weakly unstable Wave 2 has no
substantial role in the evolution.

b. Sech type jet

The sech type jet whose profile is given by Eq. (4)
has negative latitudinal gradient of § in the polar
region as shown in Figs. 10 and 11. Table 3 shows
the properties of all linear unstable modes for the
sech type jet with B = 20°, @ = 60°, and the five -
values of U, 120m/s, 150m/s, 180m/s, 210m/s,
and 240 m/s. For all these values of U, the jet is
unstable with respect to only Wave 1 and Wave 2;

U=180, ¢o=60, B=20
104 A M L R EAAGANLL L h s e LS A L "
o~ 10° £ 3z
n 102 F E
N 101 B e ZONAL 3
o F — — — - WAVE —_— g
£ 10%F WAVE 2 /// el
= 107 R e WAVE3 T L
102 —— —-- WAVE4 - g S
> -3 E e E
 107*F ~
Ll 1p0-5 & s -
= Ban e e A E
51078 B\ / 1
10-7 B, TRTTTTITI PORTTOC 2 YT TTTY FTSTTITTL FOTTTTV] FTTRTTTORI FITYITINY:
0 10 20 30 40 B0 60 70 80 90 100
TIME (day)
Fig. 7. Same as Fig. 1 except for the standard case of the sech type jet: U = 180m/s, po = 60°, and

B =20°
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(o? *18‘00'd0y 0 (b) 60 (c) day 70

2709

Fig. 8. Same as Fig. 2 except for the standard case of the sech type jet: U = 180 m/s, wo = 60°, and
B =20°.

(b)

Fig. 9. Time variation of a limited number of contours of the absolute vorticity (g) field for the standard
case of the sech type jet (every 5 days from Day 65 to Day 90). The black area is for ¢ > 2.50 and the

gray area for 2.0 < g < 2.5
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Fig. 10. Same as Fig. 5 except for the sensitivity to the intensity parameter U varying from 120 m/s to 240
m/s for the sech type jet with o = 60° and B = 20°.
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Table 4. Same as Table 3 except for the sensitivity to the width parameter B of the jet; U = 180 m/s and
o = 60°. Values in parenthesis are for mid-latitude modes.

(a)
m
B[] 1 2 3 4 5 6 7
" 4.82 2.65 3.22 10.1 — — —
=) (6.41) (1.21) (1.08) (1.38) (2.82) (67.4)
s 5.11 4.22 21.4 — — — —
(—) =) (4.97) =) () (—) =)
20  5.90 7.96 — — — — —
25  17.03 20.9 — — — — —
30  8.51 — — — — — _
(b)
m
B[] 1 2 3 4 5 6 7
0 2.93 1.65 1.15 0.877 — — —
(—) (16.2) (3.19) (1.68) (1.11) (0.813) (0.614)
L5 2.97 1.65 1.12 — — — —
(=) (=) (2.79) —) =) (=) —)
20 3.00 1.62 — — — — —
25 3.01 1.60 — — — — —
30 3.01 — — — — — —

Wave 1 grows more rapidly. Both the e-folding time
7; and the period 7. decrease as U increases.

Figure 7 shows the evolution of the domain aver-
aged energy for the standard case of the sech type
jet (U =180m/s, B =20°, and o =60°). Initially,
Wave 1 and Wave 2 grow little because the initial
disturbance is not the unstable eigenmode. The
linear unstable modes become significant and the
wave energy grows exponentially after Day 20 or so.
Non-linearity becomes important after Day 45 when
Wave 2 increases its growth rate and Wave 3 and
Wave 4 grow rapidly owing to wave-wave interac-
tions. The growth of Wave 1 halts around Day 70,
but other waves do not surpass Wave 1 throughout
the evolution.

Evolution of the absolute vorticity field is shown
in Fig. 8. Initially, the fluid of low absolute vortic-
ity exists over the pole (a). Corresponding to the
growth of Wave 1, the fluid shifts off the pole to-
ward low latitude (b, c). After this displacement,
the fluid of lower absolute vorticity merges into the
outer region (d, e). Finally, the absolute vorticity is
monotonically increasing with latitude at any longi-
tude (f).

Figure 9 emphasizes this displacement of the po-
lar fluid and the merger process from Day 65 to Day
90 by reducing the number of contours. During the
period of the displacement (a, b), the low ¢ fluid
near the polar region moves eastward with an angu-
lar speed of 360°/3 days. Remember that the an-
gular speed (360°/(m7.)) of both unstable modes
of Wave 1 and Wave 2 is close to this value (Ta-
ble 3b). Just before Day 75 (c), thin high-q band
around A ~ 80° disappears owing to the viscosity,
and the polar fluid merges into the outer region of
the same absolute vorticity. If there were no vis-
cosity as assumed in the CD/CS method, the polar
fluid would be topologically isolated from the outer
region. After the merger process some small fila-
ments are formed around 60° latitude (c—e). How-
ever, the filamentation and mixing are not very im-
pressive compared with the cases for tanh type jets
(Fig. 4).

Figure 10 summarizes the dependence of evolu-
tions on the intensity parameter U; U is varied from
120 m/s (a) to 240m/s (e) and the middle (c) cor-
responds to the standard case. The initial § profile
-has a negative gradient in high latitudes for all the
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(d) day 60 (e)

Fig. 12. Same as Fig. 2 except for the sech type jet with U = 180 m/s, o = 60°, and B = 15°.

cases. Similarly to the standard case, these nega-
* tive gradients of g disappear owing to the equator-
ward displacement of the low g polar fluid except for
the weakest case (a), in which the displacement is
not accomplished yet at the end of integration (Day
100). Corresponding to this change of absolute vor-
ticity, the jet becomes weak and wide. For these
five cases, the most unstable Wave 1 is dominant in

the non-linear phase of evolution. The competition-

of the unstable waves is not observed in contrast to
the tanh type jets.

Sensitivity of the linear stability and non-linear
evolutions to the width parameter B is also investi-
gated for the sech type jet given by Eq. (4).

Table 4 summarizes the linear stability analysis
for the jet with U = 180m/s, ¢p = 60°, and B
varying over the values 10°, 15°, 20°, 25°, and 30°.
Two kinds of unstable modes are obtained for the
narrow jets (B = 10° or 15°), because the initial §
profile has negative gradients in' middle latitudes as
well as in high latitudes (Fig. 11). The mode that
originates from the negative gradient in middle lat-
itudes, which is called “mid-latitude mode”, has a
longer period as pointed out by Hartmann {1983)
(the 7 values in parenthesis in Table 4 for B = 10°
or 15°).

Figure 11 shows the dependence of evolutions on
the width parameter B. The middle (c) is the stan-

dard case again. The negative gradient of g disap-
pears owing to the equator-ward displacement of the
low ¢ polar fluid and the jet becomes weak and wide.
Non-linear evolution for the cases of wide jet (d, e) is
very similar to the standard case, in which the most
unstable Wave 1 is dominant as shown in Figs. 8 and
9. On the other hand, the competition between un-
stable waves is observed for the cases of narrow jets
(a, b). The linear stability analysis is not very useful
to forecast the non-linear evolution for these cases
as in the cases of tanh type jet. In the narrowest
jet case (a), the competition is very complicated be-
cause there are many unstable modes. See Appendix
for the g field analysis of the narrowest case.

Figure 12 shows another example of the competi-
tion in the evolution of ¢ field corresponding to Fig.
11b of B = 15°. Firstly, the low ¢ area in the polar
region is stretched out by the growth of Wave 2 (b,
¢). The stretched low-g area shifts off the pole ow-
ing to the growth of Wave 1 (d) and merges into the
outer region (e). Finally, the nearly zonally sym-
metric circumpolar vortex appears (f). Filamenta-
tion and small-scale mixing are not very significant
as in the standard case of sech type jet.

4. Discussion

In the non-linear evolutions of barotropically un-
stable circumpolar vortex over wide ranges of exter-




February 1994

nal parameters, we observed that the waves which
have smaller zonal wavenumbers than the most un-
stable mode tend to dominate. For example, Wave
2 dominates Wave 3 in Fig. bc—5e for tanh type jet
and Wave 1 exceeds Wave 2 in Fig. 11b for the sech
type jet. Such competitions among unstable waves
occur when the wave of smaller wavenumber has a
little smaller growth rate than the most unstable
mode (see Tables 1 and 4 for the above examples).
This scale selection in the non-linear evolution of
barotropically unstable flow has been already re-
ported by Niino and Misawa (1984) with a labora-
tory experiment and Kwon and Mak (1988) with a
numerical experiment. As Niino and Misawa (1984)
discussed, the mechanism of the scale selection can
be conjectured as follows: Initially, the most un-
stable wave grows and stabilizes the unstable basic
state to a certain extent. Owing to this stabiliza-
tion, the wave stops growing to result in a nearly
equilibrated state such as Figs.2c and 12b. How-
ever, the nearly equilibrated state is still unstable
for waves of smaller wavenumber, and these waves
keep growing to stabilize the flow completely. As a
result, the wave that has the largest growth rate in
the linear stability analysis is often dominated by
the waves of smaller wavenumbers.

The transition process of dominant wavenumber
has an important role in the mixing of absolute vor-
ticity ¢ in the cases of tanh type jet. As shown in
Fig. 3 the growth of Wave 3 makes the low g area
in middle latitudes roll up into three isolated vor-
tices. Such rolling up associated with the barotropic
instability has been already described by Dritschel
and Polvani (1992) with the CD/CS method. How-
ever, absolute vorticity is not mixed sufficiently un-
til Wave 2 grows to distort the absolute vorticity
field and the interaction between the low g vortices
produces the filament structures (Fig.4). In other
words, the reason why the nearly equilibrated state
of zonal flow with Wave 3 (Fig. 2c) allows Wave 2 to
grow may be that the growth of Wave 2 promotes
the vorticity mixing as shown in Fig. 4. Applying
such an explanation to the sech type jet, the tran-
sition from the Wave 2 pattern in ¢ field into Wave
1 pattern in Fig. 12 is considered to be due to the
insufficiency of the vorticity mixing (or rearrange-
ment) by Wave 2 at the stage of Fig. 12b.

It is not straightforward to apply the present re-
sults to the real stratosphere, because our model
is a conserved system without any forcing or dis-
sipation and our initial state is an idealized zon-
ally symmmetric vortex with very small disturbance.
However, there are some interesting similarities be-
tween our results and observations. Satellite obser-
vation shows the fact that the eastward-propagating
Wave 2 is usually dominant in middle latitudes in
the southern hemisphere stratosphere during winter
and spring (Harwood, 1975; Hartmann, 1976). The
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observational fact is inconsistent with the linear sta-
bility analysis of the tanh type jet shown in Tables 1
and 2. Even if some realistic zonal flows of the win-
ter stratosphere in the southern hemisphere are used
as the basic flow, the mid-latitude mode of Wave 3
usually has the largest growth rate (Manney et al.,
1991). To reconcile this discrepancy, Manney et al.
(1991) made a linear stability analysis of a realis-
tic baroclinic jet with both latitudinal and vertical
shears to show that Wave 2 usually has the largest
growth rate when the realistic vertical structure is
included. That is, in their linear study, baroclinicity
of the basic flow is necessary to explain the domi-
nance of Wave 2 in the real atmosphere. However,
our result that Wave 2 often exceeds Wave 3 in non-
linear stage of the barotropic instability as shown in
Fig. 5b-5e and Fig. 6b, 6¢ for the tanh type jet may
give another explanation of the dominance of Wave
2 in the southern hemisphere stratosphere. How-
ever, further investigations with forced-dissipative
systems are necessary to apply the present results
to the real stratosphere.

Another similarity between our results and obser-
vations is seen in the stabilization process of the sech
type jet. As shown in Fig. 9, the lower absolute vor-
ticity fluid in the middle of the polar vortex shifts off
the pole and merges into the outer region to stabilize
the circumpolar vortex. Such a stabilizing process
seems to be a special feature of the instability in a
spherical geometry. During the displacement, the
“patch” of the lower absolute vorticity keeps its ma-
terial entity until it merges into the outer region.
This nondispersive vortex patch may correspond to
the “warm pool” circling the pole with a period of
nearly 4 days, which is reported by Prata (1984) and
Lait and Stanford (1988).

5. Conclusions

Evolution of a barotropically unstable circumpo-
lar vortex with a jet structure was investigated by
a linear stability analysis and time-integrations of
a full non-linear vorticity equation in a spherical
domain. Two idealized jet profiles introduced by
Hartmann (1983) were investigated over wide ranges
of some parameter values: a tanh type. jet for the
mid-latitude modes and a sech type jet for the polar
mode. Non-linear stabilization processes of the two
types of the polar vortex show some features which
cannot be expected by the linear stability analysis.

1. When an unstable circumpolar vortex of the
tanh type jet is stabilized by wave disturbances,
the negative gradient of zonal mean absolute
vorticity on the equator-ward side of the jet dis-
appears owing to the vorticity mixing by the
filaments formed through the interactions be-
tween some isolated vortices (Fig.4). For the
sech type jet, on the other hand, the negative
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(b) day 4

(d) day a8 (e) day 10

Fig. Al. Evolution of the absolute vorticity field for the tanh type jet with U = 180 m/s, po = 45°, and
B =45

{a) - day 0 (b) day 9 (¢) day 11

[ s ]
() (led il Sl af G Al i sk
(d) day 13 (e) day 15 (f) day 100

Fig. A2. Same as Fig. Al except for the sech type jet with U = 180 m/s, @0 = 60°, and B = 10°.
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gradient on the poleward side of the jet disap-
pears owing to the equator-ward displacement

of the polar fluid with low absolute vorticity
(Fig.9).

2. Decrease of dominant wavenumber is observed
in the non-linear phase of the instability for
both types of jet. For a wide parameter range
of the tanh type jet, Wave 2 exceeds Wave 3
as shown in Fig. 5b—5e and Fig. 6b, 6¢ although
the Wave 3 has the largest growth rate in the
linear phase. Similarly, Wave 1 surpasses the
most unstable Wave 2 for the case of sech type
jet as shown in Fig. 11b.
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Appendix

Color figures of the absolute vorticity (¢) field are
used to show two examples of the diagnosis of com-
plicated evolution due to the competition of many
unstable modes. The first example is the narrowest
jet (B = 4°) case of the tanh type jet with U = 180
m/s, and o = 45°. The corresponding evolution
- of the zonal and wave energy is shown in Fig. 6a.
Figure A1 is the evolution of ¢ field. Initially, there
is a belt of very low ¢ (white area) in middle lati-
tudes (a). This region of low ¢ is rolling up into-four
isolated vortices (b, ¢). During this roll-up period,
the fluid in high latitudes is ejected toward middle

latitudes with filament structures. Strong vorticity

mixing takes place outside of the vortices in middle
latitudes (d, e). Two of the vortices merge around
A ~ 210° at Day 10 (e). This evolution reminds us
of Fig. 5 in Dritschel and Polvani (1992). In spite of
these complicated structures at the beginning of the
evolution, the circumpolar vortex becomes nearly
zonally symmetric after the accomplishment of vor-
ticity mixing (f).

Figure A2 is the other example of the narrowest

sech type jet with B=10° U =180m/s and ¢y =
60°. The corresponding evolution of the zonal and
wave energy is shown in Fig. 11a.

In this case, the initial g profile has negative gra-
dients not only in high latitudes but also in middle
latitudes (a). Therefore, the vorticity mixing due to
the filamentation in middle latitudes occurs as well
as the shift of the polar fluid of low ¢ (b—e). Again,
the final state is nearly zonally symmetric (f) in spite
of these complicated structure at the beginning.
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